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Momusayus u yenv: OUTOMIAHKTOH SIBJISIETCS KIIOUEBBIM 3BEHOM TIJ100aJIBHOTO yriie-
ponHoro nukia. Ha mepBelil uiaH cTaBUTCS M3yYeHUE MEXaHU3MOB 00pa3oBaHUs Tep-
BUYHOM npoaykiuy. CyIiecTBYIOT CIIOCOOBI pacueTa NEpBUYHON NPOLYKIIMU OT MacChl
(PUTOITAHKTOHA C TPUMEHEHHEM aCCUMIIISIIIMOHHOTO yrcna [ 1, 2]. OgHako Takas cxema
MMPpEACTABIIACTCA ynpomeHHoifl, IMOCKOJIBKY HC YYUTBIBACT IICPEMECHYNBOCTH KOJINYCCTBA
(hOTOCHHTE3UPYIOLIMX BELIECTB B KJIETKaX (PUTOMIAHKTOHA, OCHOBHBIM CPEIN KOTOPBIX
spisiercs xsopoduit. Hons xnopoduiuia mo Macce B QUTOMIAHKTOHE MEHSIETCS B 3aBH-
CHUMOCTH OT COCTOSIHHS KJIETOK W yCJIOBUH oOuTaHust. MaccoByIO JOJII0 XJI0Opoduiia B
(UTOIIIAaHKTOHE TPUHSTO HA3bIBaTh XJIOPOQWILIBHOM KBOTOH [3]. OT ee BeMUUMHBI BO
MHOT'OM 3aBUCST (POTOCHHTETHUECKUE XAPAKTEPUCTHKH IUIAHKTOHHOTO COOOILECTBA.
Bce OrnoxuMuueckue mporecchl, BIUSIONINE Ha AMHAMUKY OMOMACCHI, OCYIECTBIISFOTCS
IIpA yYaCTUH JHEPrOEMKHX BEIIECTB, MAKpPO3ProB, KOTOPLIE IMPUCYTCTBYIOT B JKHUBBIX
KJIETKaX MPEUMYIIEeCTBEHHO B popme afeHozuHTpupochara (ATD). Ux koHIIEHTpaITHs
Ha CEroAHAIIHUN €Hb MOXET U3MepAThCs HemocpencTBeHHO. COBpEMEHHBIE METOIbI
I/ICCJ'ICI[OBEIHI/Iﬁ IMMO3BOJIAIOT CYAUTH 06 HMHTCHCUBHOCTU MPOAYKIIMOHHBIX IMTPOLCCCOB Ha
OCHOBaHWM TOJOOHBIX M3MepeHuid. [Ipensimymnuii aTan nccneoBaHmii 3aKTF09aICs B
pa3paboTKe MaTeMaTHYECKUX MOZEJEH, B KOTOPBIX MPOAYKLUS (UTOIUIAHKTOHA pac-
CUUTBIBACTCA C YUETOM U3MCHUYNBOCTU XHOpO(i)HHHLHOﬁ KBOTBI, a TAK)XXC KOHLICHTpaluu
SHEProeMKHUX BelecTs. McceaenoBanne CBOMCTB MOJIENEN HAIIPABIIEHO HA OIITUMHU3ALIUIO
METOOB PELICHUS C LEJBI0 PACIIMPHUTE 001aCTh IPUMEHEHHS MOJIEIHN K PeaJIbHBIM OHO-
JIOTHYECKUM CHCTEMaM U YIPOIIeHHUE mporecca coopa JaHHBIX.

Memoowt u ancopummor. PazpaboTka Moeeli OCHOBaHA Ha HCIIOJb30BAaHUH MOJICIH
pyma, kotopas, B oTIM4YHME OT OOLIENPUHATON KHHETUKH MOHO, siBsieTcst 6osee ruod-
KOH U criocoOHa onucaTh NpOJODKEHHE POCTa (PUTOIUIAHKTOHA B TEUEHHE HEKOTOPOTO
BPEMCHHU I10CJIE TOT'O0, KAK MUHEPAJIbHOC ITUTAHUEC TICPECTACT IMOCTYNAaTh B CUCTEMY. Ta-
Kas ke (opma 3aBHCUMOCTH ObLIa 3aMMCTBOBaHa JJIsi OMUCAHUSI pocTa OMOMACCHl Ha
TEMHOBOM CTaIuM POTOCHUHTE3a, KOT/Ia UCCSKAET OCBELIEHUE KaK HEOOXOAUMBIN pecypc.
Hccnenoanue cBONCTB MOEIJIEH BKIIIOUAET IPOBEPKY YCTOMUYMBOCTU PABHOBECHBIX Pe-
nieHuit o JIsAmyHoBy, a Takxke MOCTpOeHUE (a30BbIX MOPTPETOB B MPOCTPAHCTBAX Be-
OYUIMX IapaMeTPoB MOJEIBHBIX cucTeM. MccneroBanue NoBeJEHUS MOJIENN Ha aTTpakK-
Tope Aaet OoJjiee MOJHOE MPEJCTaBIeHNE O e CBOWCTBax. Pelenne paccMaTpuBanoch
IIpU JOIMMOJIHUTEIBHOM YCJIOBHUU OIITUMAJIBHOCTH 110 KPUTECPUTIO HanOOJIBIIETO ImpupocTa
Onomaccel GUTOIIIAHKTOHA B T€UEHHE (PUKCUPOBAHHOTO BPEMEHH.
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Pezynsmamur: YauTbIBasi I3MEHYMBOCTb OKPYKaIOIIEH Cpe/ibl, ObLT MPOBEACH P BbI-
YHUCIIUTENBHBIX 3KCIIEPUMEHTOB. Y CIIOBHSI M3MEHEHHSI OCBELICHHOCTH M TEPHOIBI OT-
CYTCTBHSI CBETa MOJEIHPOBAIMCH IPU IPOUYMX IMOCTOSHHBIX ycnoBusx. IloBenenne
KBOTHI XsIopodmiia u o AT® B 6bmomacce, pacCunTaHHOE TI0 MOZCITH, HAXOIUTCS B
MOJTHOM COOTBETCTBUH C NPEACTABICHHBIMHU PE3yJbTaTaMiu Ja0OpaTOpHBIX SKCIEPH-
MeHTOB [4]. BBox B MoJienbHYT0 crcteMy ypaBHeHUs nuHaMukd AT® mo3BomseT n3be-
’KaTh MPSIMOTO BIUSHUS KBOTHI XJIOpO(HILIa Ha BHYTPHUKIICTOUYHOE COJep)KaHue Ouore-
HOB. Takum obpa3om (opmupyercsi BpeMEHHOH Jiar, 3a KOTOPBIA CHUCTeMa ycIieBaeT
HAKOMUTh SHEPTUl0, HEOOXOAMMYIO ISl 3amycka (epMEHTATHBHOW peakiuu. Xapak-
TEpHO, YTO XJIOPO(HIT HAYNHAET PACXOAOBATHCS TOJIBKO TOT/IA, KOTAa HAKOIUICHO J10-
CTaTOYHOE KOJIMYECTBO 3HEPrHH. B OTCYTCTBHE OCBEIICHHS KJIETKH (PUTOIIAHKTOHA B
Ka4yecTBE UCTOYHMKA SHEPIUU HAKAIUIMBatoT Toinbko AT®. Peakuus cunresa oprannye-
CKOTO BEIIECTBa MpoTeKaeT MeuieHHee. [loaToMy Xmopoduit Toxke pacxomyercs Me-
nenHo. CrenoBarenbHO, HAaMOOJbBIIAS €r0 KOHLEHTPAIMs B KJIETKAX (PUTOIUIAHKTOHA
¢duxcupyercs B abcomoTHoit TeMHoTe [5]. Konuentpanus AT®, Hao00poT, nagaet 1o
MHHHMYMa, TaK KaK B TCMHOTC HOTpe6HCHI/IC OHEPTrOCMKUX BCHICCTB YBCIIMUNBACTCS U3~
3a OTCYTCTBHS JPYTUX HCTOYHUKOB SHEPTHUH [6].

Jliis petienust 3aja4u ONTUMAaIBHOTO YIpaBIeHUs CPOpMyTHPOBaHa U pelIeHa COOTBET-
CTBYIOIIAs KpaeBas 3aaa4a. [loimydeHHOe pelieHne J0CTaTOYHO OJIU3KO TTOBTOPSIET pe-
IIEHHE UCXOTHOI 3a1aun Komu ¢ XapakTepHBIM BECEHHUM U OCEHHHUM BCILIECKOM OHO-
macchl. [Ipu 3ToM MakcMMallbHBIE 3HAYESHUS] CE30HHBIX KOHIEHTpanuii mmbo conocra-
BUMBI TI0 a0CONIOTHBIM 3HAYCHUSM (BECCHHsSl BCIIBIIIKA), JIMOO paBHBI (OCCHHSA
BCITBIIIKa) (pucC. 1).
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Puc. 1. T'ogoBas nuHaMuka 6uomacchl (PUTOIUTAHKTOHA, PACCUUTAHHAS 110 UCXOAHOM Moienu
(cneBa) ¥ M0 MOJIENIM ONITUMAJIBHOTO YIIPaBJICHUS (CIIpaBa)

Taxum 00pa3oM, Ipu yCIOBUH NPUHAUICKHOCTH HAYIbHO-KPAEBbIX yCIOBUHM aTTpak-
TOPY MOJEIBHOM CHUCTEMBI YHCIEHHOE pEIleHHE 33Ja4d ONTHMAJIbHOTO YIpaBlICHUS
MOJKHO HCIIOJIb30BaTh Ui MPOTHO3UPOBAHUS JTUHAMUKK (uroruiankroHa. [Ipu stom
Pa3MepHOCTh MPOCTPAHCTBA KOMIIOHEHTOB CUCTEMBI YMEHBIIIAETCS. DTO MOXKET CyIlle-
CTBEHHO YIPOCTUTH COOP 3KCIIEPUMEHTANBHBIX JAHHBIX IPU MIEPEBOJE MOJENIEH B 00-
JIACTh MPAKTHYECKOTO MCIOJIB30BaHMA. B TO ke BpeMs He CielyeT UTHOPHUPOBATH TOT
(axT, 4TO YMCIICHHOE PENICHNE KPAaeBhIX 33124 CBS3aHO C POOIIeMaMH CXOJMMOCTH BbI-
YHUCIIMTENIBHBIX IPOLIEAYP. ITO TpeOYeT AOTONHUTEIbHBIX aITOPUTMOB PETYIISPU3ALIIH,
KOTOpBIE HE BCErja MOryT ObITh 3 QEKTUBHO NPUMEHEHBI.
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Br1600vi: Moaeny UMEIOT CIIOKHYIO0 JUHAMUKY, KOT/Ia YCTOHUUBBIX PaBHOBECHUH HE CY-
HiecTByeT. JTa AMHAMUKA MOAYMHAETCS aTTpakTopy mojaenu [Ipymna, KOTOpbIi mpen-
CTaBIISIET COOOM HEKOTOPOE MHOXKECTBO. V3ydeHne cBONCTB MOfelel, B 4aCTHOCTH, HC-
CJIeZIOBaHHE YCTOWYMBOCTH HEHYJIEBBIX PABHOBECHBIX PELICHUIL, a TAKXKE BO3MOXKHOCTh
CBEJICHMSI OJHON U3 HUX K MOJIENIM ONTHMAJIBHOTO YIIpaBJIeHUs Jal0T OCHOBaHHE Mpel-
1oJIaraTh UCIIOJIb30BAHUE MOAEIBHBIX CUCTEM ISl ONMCAHHUS PEATIbHBIX OMOIOTHYECKUX
00BEeKTOB. MozenupoBaHue IOZOBOTO LKA ITOKAa3bIBACT AJEKBATHYIO IWHAMUKY B
00enx MOJENIX C Y4eTOM CE30HHBIX M3MEHEHUH Cpe/ibl 00uTaHus B TeueHue roaa. Ilo-
Ka3aHo, YTO TaKUE U3MEHEHUS MPUBOJIAT K BECECHHUM M OCEHHUM BCIUIECKaM IPOU3BOI-
cTBa 6uomaccsl. [IpoBeieHHbBIE YHCIIEHHBIE 3KCIIEPUMEHTHI COTIACYIOTCS C OITyOJINKO-
BaHHBIMH pe3yJIbTaTaM{ TMOJEBbIX HaOmoaeHNuH [7]. YUuTbiBas Hanu4ue AaHHBIX IH-
CTaHLMOHHBIX HAOIIOACHUH U PE3yJbTaTOB JIAOOPATOPHBIX IKCIIEPUMEHTOB, IPEICTaB-
JICHHbIE MOZAEIM MOT'YT ObITh MCIIOJIb30BaHBI ISl OLEHKH OMOJIOTHYECKON MPOAYKTHB-
HOCTH BOJHBIX 3KOCHCTEM.

Qunancuposanue: PaboTa BBITIONHEHAa B paMKax TocynapcTBeHHOro 3aiganust MAITY
JABO PAH (tema Ne FWFW-2021-0004).
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Motivation and Aim: Phytoplankton is a key link in the global carbon cycle. The study
of the mechanisms of primary production formation is paramount. Methods to calculate
primary production using the assimilation number are known [1, 2]. This scheme is sim-
plified because it does not take into account the variability of photo-synthetic substances
in phytoplankton cells. The main one among them is chlorophyll. The ratio of chloro-
phyll to biomass varies depending on the state of cells and environ-mental conditions
The ratio of chlorophyll to phytoplankton is usually called the chlorophyll quota [3]. All
biochemical processes in biomass occur with the participation of energy-intensive sub-
stances, macroergs. They are present in living cells primarily in the adenosine triphos-
phate (ATP) form of. Their concentration can be measured directly today. They can be
used to evaluate the characteristics of production processes. The previous stage of re-
search consisted of developing mathematical models in which phytoplankton production
is calculated taking into account the variability of the chlorophyll quota, as well as the
concentration of energy-intensive substances. The study of model properties is aimed at
optimizing solution methods in order to expand the scope of application of the model to
real biological systems and simplify the data collection process.

Methods and Algorithms: We based our constructions on the Droop model. Tradition-
ally, the functioning of phytoplankton in the aquatic environment is described by the
Monod dependence. In same times, microorganism growth continues for some time after
the nutrient resources are depleted. Monod's kinetics are unable to imitate this phenom-
enon. Droop's concept makes it possible to separate the nutrient uptake rate from the
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growth rate. Biomass growth during the dark stage of photosynthesis is described in a
similar way. The Lyapunov stability of model system equilibrium solutions is studied.
Phase portraits in the spaces of key model parameters have been studied. Studying the
behavior of a model on an attractor gives a more complete understanding of its proper-
ties. The solution was considered under the additional condition of optimality according
to the criterion of the greatest increase in phytoplankton biomass over a fixed time.
Results: A number of computational experiments were carried out taking into account
environmental variability. Conditions of changing illumination and periods of absence
of light were simulated under other constant conditions. The numerical experiment
demonstrates the behavior of the model components corresponding to the description of
the results of a laboratory experiment under similar conditions [4]. Introducing the ATP
dynamics equation into the model system allows us to avoid the direct influence of the
chlorophyll quota on the intracellular content of nutrients. This creates a time lag during
which the system manages to accumulate the energy necessary to start the enzymatic
reaction. Chlorophyll begins to be consumed only when a sufficient amount of energy is
accumulated. The reaction of organic matter synthesis is slower. Therefore, chlorophyll
is also consumed slowly. Consequently, its highest concentration in phytoplankton cells
is recorded in absolute darkness [5]. The ATP concentration, on the contrary, drops to a
minimum, since the consumption of energy-intensive substances increases in the dark
due to the absence of other energy sources [6]. To solve the optimal control problem, a
corresponding boundary value problem is formulated and solved. The obtained solution
of the boundary value problem quite closely repeats the solution of the initial Cauchy
problem for models C and E with a characteristic spring and autumn burst of biomass.
Moreover, the maximum values of seasonal concentrations are either comparable in ab-
solute values (spring outbreak) or equal (autumn outbreak) (Fig. 1).
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Fig. 1. Annual dynamics of phytoplankton biomass in terms of the original model (left) and ac-
cording to the optimal control model (right)

Thus, under the condition that the initial-boundary conditions belong to the attractor of
the model system, the numerical solution of the optimal control problem can be used to
predict phytoplankton dynamics. In this case, the dimension of the space of the system
components decreases. At the same time, one should not ignore the fact that the numer-
ical solution of boundary value problems is associated with problems of convergence of
computational procedures. This requires additional regularization algorithms, which
cannot always be effectively applied.
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Conclusion: The models have complex dynamics when the stabile equilibria don’t exist.
These dynamics are submitted to the attractor of the Droop model. The study of the
properties of models, in particular, the study of the stability of positive equilibrium so-
lutions, as well as the possibility of reducing one of them to an optimal control model,
gives grounds to assume the use of model systems to describe real biological objects.
Modeling of the annual cycle shows adequate dynamics in both models. Seasonal habitat
changes lead to spring and autumn bursts of biomass productivity. This agrees with
known field observations [7]. Given the availability of data from remote observations
and the results of laboratory experiments, the presented models can be used to assess the
biological productivity of aquatic ecosystems.

Funding: The research was carried out within the state assignment of IACP FEB RAS
(Theme FWFW-2021-0004).
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