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Annomayus. llpennoxen o0mui MOIXO/ Ui aHAJIN3a UCKYCCTBEHHBIX HEMPOHHBIX ceTel Ha
OCHOBE HCCIIEIOBaHMS CBOMCTB alpOKCUMAIlUK OTHOIIEHUH M OTOOpa)XeHUH UX MPUOIMKEHUSIMHU.
BBIsBIIEHBI CYIIECTBEHHBIE I TOTO KJIacca 3a/1a4 sSBJICHHS BBIYMCIUTEIBHOW HEYCTOMYMBOCTH,
CBS3aHHOM ¢ OOmMMMHU MpoOJeMaMu HEKOPPEKTHBIX 3ajad B THJIBOEPTOBOM MPOCTPAHCTBE U
MetogamMu uX perynspuszauun  A.H.TuxonoBa, TunuuHeiMu 15 oO0pabotku Big Data.
ChopmynupoBaHbl KpUTEPHUH TOYHOCTH M NPHUMEHUMOCTU MOJENEeH MCKYCCTBEHHBIX HEHPOHHBIX
ceTell, mpuMeHUMOCTh K paspabotke MU, paccMoTpeHbl MpUMEpbl MX pealu3allid Ha OCHOBE
TeopuM HMHTepronsaiuu QyHkuuid. Passutrue maeit I1.J1.YeObméBa o HaumydiieM MpUOIMKEHUH
CIYXUT OTIPAaBHOM TOYKOW JUIsI IOUPOKOTO KJJacca MaTeMaTHYeCKUX HCCIEAOBAaHUM IO
onTuMH3aKu odydaronmx Habopos uia noctpoenuss MHC

Knwuesvie cnosa: WCKyCCTBEHHbIE HeWpoHHble cetn, WMHW, Metoasl ontumusanuu,
BBIYMCIIUTEIIbHAS HEYCTOWYUBOCTD, METO/IbI PETYISPU3ALUN

Annotation. A general approach proposed for the analysis of artificial neural networks based
on the study of the properties for approximation of relations and mappings by their approximations.
The phenomena of computational instability, which are significant for this class of problems and are
associated with the general problems of ill-posed problems in the Hilbert space and the methods of
their regularization by A.N. Tikhonov, typical for Big Data processing, have been identified.
Criteria for the accuracy and applicability of artificial neural network models and applicability to Al
development formulated, and examples of their implementation based on the theory of function
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interpolation are considered. The development of P.L. Chebyshev’s ideas about the best
approximation serves as the starting point for a wide class of mathematical studies on optimizing
training sets for building ANNS.

Keywords: artificial neural networks (ANN), artificial intelligence (AI), optimization
methods, computational instability, regularization methods
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1. O HeoOxo00umocmu mamemamuuecko20 O000CHOBAHUA MEXHOI02UIL
UCKYCCMEEHHO020 UHMeN1eKma

TexXHONMOrnMn HCKYCCTBEHHOIO HHTEIIEKTa, [0 KOTOPBIMM, Kak IIPaBuHIIO,
MOHUMAIOTCS UCKYCCTBEHHbIE HEHPOHHBIE CETH, MO CYTH Jelia, MPEACTaBISAIOT COO0M
TEXHOJIOTUN TIOCTPOCHHSI 110 KOHEYHOMY Ha0Opy JaHHBIX U3 HEKOTOPOTO MHOXKECTBA
(KOHEYHOMEPHOTO MU  OECKOHEYHOMEPHOT0)  amMpoKCHUMaluu  (pyHKIUHU
OTOOpaXEHUsI 3TOT0 MHOXECTBA B 3a/laHHOE€ KOHEYHOMEPHOE MHOXECTBO IMPHU
YCIOBUM MHUHHMMM3ALMU HEKOTOPOro (GyHKuuoHasna. CXOOMMOCTh M YCTOWYMBOCTH
TaKUX allpOKCHUMAalMi i KOHEYHOMEPHBIX MHOXKECTB — 3TO0 Teopema A.H.
TUXOHOBA O HEMOJBHKHBIX TOUKaX OTOOpaKEHUs HA YHOPSAJOYEHHBIX OIPaHUYEHHBIX
MHOXecTBax. Ilpunoxkenust »3toi Teopembl A.H. TuxoHoBa u ABISAIOTCA
MareMaTuueckuM oOocHoBanneMm ycnexa MU tuma «IludpoBoit rpoccmerictepy,
KOTOPBIN MpeACTaBIsIeT cOO0M, MOCTPOeHHYI0 aBTopamu Toro MU, anmpokcumariuio
(GYHKIMH OTOOpaXKEHHsI KOHEYHOIO YIHOPSAIOYEHHOIO MHOXECTBA MHOIMX ThICAY
[IAPTUH, CBHITPAHHBIX PEAJIBHBIMU I'POCCMENCTEPAMU, B KOHEYHOE MHOKECTBO U3
OIHOM MapTUU MPHU YyCIOBUM MUHUMHU3ALMU €€ OIU30CTH K BeIUrpbIy. 1o cytu nena,
«unppoBoil rpoccmeiicTep» — 3TO MOMCKOBUK (Google, Ha KOHEYHOM MHOKECTBE
IIAPTUH, CBHITPAHHBIX pPEAJIbHBIMU TPOCCMEUCTEPAMH, U JOIOIHEHHBIM AaBTOpPaMHU
storo UM metpukoi ONM30CTH MApTUU K BBHIUTPHINTY. 110JHOCTRIO aHANOTMYHO U
MareMatuueckoe oOocHoBanue ycrnexa ChatGPT, koTopbiii Takxke MpeiCcTaBIseT
co0oil anasor mnouckoBuka (Google, Ha KOHEYHOM YMHOPSAJOYEHHOM MHOXKECTBE
MHOTHX JECATKOB M COTEH ThICAY IMHUCBMEHHBIX IPOU3BEICHHUN pEalbHBIX aBTOPOB
(troxe BIG DATA), nomnosHeHHbIH aBTOpaMU HTOr0 4Yara METPUKOM OIM30CTH
pPa3NUYHBIX (PparMEeHTOB MUCHMEHHBIX MPOU3BEACHUHN K 3alaHHOMY ¢parMmeHnty. B
ciy4ae OECKOHEYHOMEPHBIX MPOCTPAHCTB, HAmpuMep, MpPU pPaClO3HABAHUU U
KJacCU(pUKAaUMM  HM300pak€HUM,  IMOCTPOEHHAs  HAMIMPUYECKUM  METOAOM
anmnpoKCHUMallisg  KOMIIAKTHOTO  OTOOpaxkeHHMs  o0jajaeT  NPUHUIUIHAIBHON
HEYCTOWYMBOCTHIO, KaK OyleT MoKa3zaHo B paszzene 2.
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2. Mamemamuueckas nOCmManHo8Ka 3a0a4U CO30AHUA UCKYCCHEECHHbBIX
Heliponnvix cemeii (MHC)

MHOroYuCIEHHbIE  MOMYySMIHpUYECKUEe  HWHXeHepHble omucaHus HMHC,
MPUMEHSIEMBIX JJI PELICHUS PAa3IMYHBIX MPAKTUYECKHUX 3a7ad, B LIEJIOM CBOJSATCS K
CJICIYIOIIHMM JIBYM CBSI3aHHBIM MaT€MaTUYECKUM 33/1a4aMm:

a) [1o 3amanHOMY HAOOPY PKCHIEPUMEHTANBHBIX TOUeK (X, Y) «puayMaTh 3aKOH
— ONTUMAJIBHOE MHTEPHOJUpYollee oToopaxkeHue» R: X — Y.

b) [lns nocTtpoeHHoro orodopaxeHus: R HallTH pelieHus: ypaBHEHUS

R(x)=c (1)

MuoxectBo kopHel x(¢)=R'(c) ypaBuenus (1) (MHOXKECTBO YpOBHSA ()
UCTIOJIB3yeTCs I «Kiaaccudukanumy BxomaHbix naHHbex MHC x(c). B GonpmmHCTBE
TUTIMYHBIX 3aJ71a4 ypaBHEeHHE (1) MOXKET paccMarpuBaThCs Kak 3ajada 00 OTHICKAaHUU
HEMOJIBI)KHON TOYKH HEKOTOPOTro oToOpaxkenus f-M — M

x=f(%) . (2)

B MHOTrOYMCIIEHHBIX BBIYMCIHUTEIbHBIX ASKCIIEPUMEHTaX IO pPAaCHO3HABAaHUIO
o0pa3oB, 00pabOTKe aKyCTUUECKOM, BUACO U TEKCTOBOM MH(OpMaLnK ObLIN HaMICHbBI
MOJXOAbl K CO3/IaHHUI0 MPOTPAMMHOI0 OOECHEYeHMs ISl MPAKTUYECKOTO pelIeHus
psna TpyaHo (opmanusyeMbix 3amad a), b) u (1), (2). DT ycnexu MNOPOIUIH
OTPOMHBI TOTOK pabdOT M HMHTEPEC K CO3[AaHUIO MOJYIMIUPUUYECKUX METOJIOB,
HOCSIIIMX Ha3BaHUE UCKyccTBeHHbIe HelipoHHbie cetr (MHC).

OO6mmii monxon, nexanmii B ocHoBe noctpoenuss MHC, cocrout B mpunsTHH
TUIOTE3bl BO3MOXHOCTU CO3JaHUsSI YCTPOICTBA, KOTOPOE MOXKHO OOYyUHUTh Ha CEpUu
OPUMEPOB MPHUHATHIO pEHIeHUH. JTa pasMbITas (GOpMyIUpOBKa Mpeanojaraet
HaJMYKe HEKOTOPOH CBSA3U MEXy BhIODaHHBLIMU MapaMu o0beKToB (x, y)EX XY
OMpENETSAIONIC HEeKOTOpoe OTHoIeHue RC X XY (runmorerndeckuil 3akoH) [1].
OObuHO TpeAmnosaraeTcs, 4yto R sBaseTcs (QyHKuuend (T.e. KaXIOMy 3HAUYCHUIO

XEX COOTBETCTBYET POBHO OJHO 3HAU€HHE YEY ), IpH 3TOM apryMeHThl X
Ha3bIBAIOTCSI IPUYMHAMH, & MHOKECTBO 3HAUCHHUU Y - cieacTBussiMH. CXeMaTH4eCKU
NHC sBnsieTcst mapauie bHON CUCTEMOM pacipeneleHHo o0paboTku nH(popMaIuu
B BUJEC OPHEHTUPOBAHHOTO rpada, TrAe BepUMHBI Tpada  HA3ZBIBAIOTCS
00pabaThIBAIOIIMMHU 3JIEMEHTAMU (MCKYyCCTBEHHBIE HEHPOHBI), a CBSI3U MEXKIYy HUMHU
Ha3bIBalOTCs coenuHeHusiMu. Takum obpazom, MHC npencrasnsier coOoit rpadp —
CUCTEMY Vy3JI0OB, COEIUHEHHBIX CBA3SIMU W OOMEHHBAIOIIMXCS MEXAy CcoOoH
BXOJHBIMU-BBIXOIHBIMU JAaHHBIMU (CM., HalpuMep, puc. 1).
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= i@ sz{ /:Z 2 [ Puc. 1. Ilpumep mHemocxemvl cmpyKmypbl 31eMeHmMAapHOU
R\’ e ~ Aauelku oonozo cnos MUHC
¥ - _’{_Oj\f?.\ A 2 [t Fig. 1. An example of a mnemonic diagram of an ANN
. ¥ ;/éii}\ : : elementary cell structure on one layer
o023 T [ 1. ANN —JE BT i B ac e o)
L 'm

Ieny  cozoanua  HHC. Hactpoitka HWHC  (aHamor  mpouenypsl
aBTOMAaTU3UPOBAHHOTO mporpammupoBanus ctpykrypsl MHC) coctout B mombope
CeMeiCcTBa MCKYCCTBEHHBIX HEHPOHOB (MpeoOpa3oBaHuil, 0003HAYaeMbIX Ha pHC. |
3HayKamMu O, O, ..., O, B BepIIMHaX rpada) u KOOPOUIHUEHTOB W, ;  YMHOKCHHS
3HA4YeHU NMPEoOPa30BAHHBIX BEJIWYUH BIOJIb JUHUA COCIUHEHMS BEPIINH Ha OCHOBE
JOMOJTHUTENBHO JEKIApUPYyEMbIX NPHHLIMIOB (Hampumep, ontumusanuu). Habop
00y4alomuX MPUMEPOB COCTABISET 3aJAHHOE MOAMHOXECTBO RCR , rie
OoTHoLIeHUE R anpuopu HeusBecTHO. Llenpro coznanusa MHC sBnsercs B HEKOTOPOM
CMBICJIE «ONTHMaJIbHAsl PEKOHCTPYKLHUS» HEU3BECTHOIO OTHOIIEHHS R Ha OCHOBE
3aaHHOTO «0Oydaromero» Habopa R . Ilo cBoeil mpupome Takas MOCTAHOBKA
3a/laud  SIBJISIETCSA HEKOPPEKTHOM BBUAY CYIIECTBEHHOM MHOKECTBEHHOCTH €€
peleHnil («UIKOJbHAs» MaTeMaTHUYeCKM HEKOPpPEKTHas 3ajada 00 OTBbICKAHHUH
KPUBOM, COETMHSAIONIMNX 33JIaHHbII HA0OP TOYEK).

B

Puc. 2. «lllkonvnas Hexkoppekmuas 3aoaua» 00
OMbICKAHUU 3aKoHa, CBA3bIBAIOUY €20
: axcnepumenmanvuvie mouku A, B, C, D, umerowas
OecKkoHeuHoe MHOXMCEeCME0 peuleHull
Fig. 2. “School ill-posed problem’ about finding a law connecting experimental points A, B,
C, D, which has an infinite number of solutions

2. “BRAEEE", FHELKETEE A By O D
HIWETE, M R AR 2

Takum o0pazom, HeoOXoauMbIM sreMeHToM moctpoeruss WHC  cmyxur
BBEJICHHWE I1IEJICBOTO TpaBwia (Kputepus, (yHKIMOHANA W T.I.) F, Ha OCHOBE
MIPUMEHEHHUSI KOTOPOIO BBINOJHAETCS IOCTPOCHUE «HAWIYYLIEro» MPOAOJIKEHUS
3aaHHOTO OTHOIICHWS R 1O OTHOMEHHS Rp KOTOPO€ amnmpoOKCUMHUPYET R
(HampuMep, MOCPEACTBOM MUHUMU3AIMHU (PYHKIIMOHANA F' Ha HEKOTOPOM MHOXECTBE
napametpoB). HazoBéM Ry maremarnueckoil Mozenbto peanuzanuu MHC. Onucannas
cxeMa 0OBIYHO TPUMEHSIETCS JIJIsl TOCTPOCHUS TPOAODKEHHS (DyHKIIUNA, B YACTHOCTH,
B 3aJ1a4aX UHTEPIIOJSALINH.

Ymo mamemamuuecku o3Hauaem mepmun  «o0yuenue»? llpouecc
«OOyYeHUS SBISETCA MPOIEAYPON HACTPOUKH BECOB Wy (pyHKIMA aktuBauu Oy ¢
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LEIbI0 YMEHBIIEHUS «PACCTOSHHUS» B HEKOTOPOM 3aJaHHOM METPHUKE MEXKIY
’KeJlaeMbIMU (I1€JIeBBIMH) U TIOJTy4aeMbIMU BEKTOpaMU Ha BbIxozie. B koHeuHoM cuere
— 3TO peIleHUE 33Ja4d CHUHTEe3a IpeoOpazoBaHUs R, Ui KOTOPOro Ha 3aJaHHOM
MHOXXECTBE «OOydarommux» map (X, )) BBIIOJTHSAETCA COOTHolIeHHe »=R(x).
OTbICKaHUIO TOAJIEKAT Beca Wy U (YHKIMH aKkTUBAMK )y OTHOCUTEIBHO arnpuopu
BbIOpaHHON IPOLEAYPHI ONTUMU3ALINY IS 3aJaHHOTO (DYHKIIMOHANA (METPUKH).
TunuyHas mMOCTaHOBKA TEOPUHM MPHUOIMKEHHOTO BBIUYMCICHHS 3HAYCHHMA
dynximu F Ha MHOXeECTBE apryMeHToB x=(x,,X,,...,x,)EDCR, 3akmodaeTcs B

BbIOOpE ONTUMAIBHOIO MHOTONAPAMETPUUYECKOTO MPHUOIIKEHUST W3  3aJaHHOTO
MHOkecTBa ¢yHkiui 000 i{(x,wl,wz,...,wk)NR(x) , e (w,wy, ., w,) -
MHOXECTBO MapaMeTPOB, O KOTOPHIM MPOBOAUTCS BBIICYTOMSIHYTasl ONTUMHU3ALINA.
Hanpumep, a1 3alaHHbIX 3HAYEHUI apryMEHTOB ieD,1=12,..,N TpedyeTcs
BBITIOJTHEHHE MUHUMAJIbHOCTH YKJIOHEHUS HOPMBI

F(w,,wy,..,w,)=max,_,_,| i?(fc(l), Wy, W,, ..., wk)—j/(l) || B mpeamoaoKeHuu, 4To

~

rapsl ()Nc(l) j“)),lsl <N HaxoasTcs B 3aJaHHOM OTHOLIEHUU R

Takoll mnoaxoxm TUNHMYEH MJIA 3a4ad IPOTHO3a, PErpecCuH, IMOCTPOCHUsA
MHTEPIIOJSIMUOHHBIX MHOTOWICHOB [2]. Ecim yciioBue MHHMMyMa YKIOHEHUS
osnauaer copmazenue suauernii 3''=R(¥")=R(¥", w,, w,, ..., w,),1<ISN, 10
Takol croco0 MOCTPOEHUs] NPUONIMKEHHs] HA3bIBA€TCA HHTEPHOISIUENd (B 3TOM
ciydae 1esieBoi QpyHkmuonan F(w,,w,,..,w,) B TOYKe ONTUMyMa NPUHUMAET

HauMeHbIllee 3HaYeHHEe, paBHOE HYI0). OTMETHM, UTO onpeaeneHrue GpyHkiuuonana F
MOXET OBbITh OCYIIECTBICHO Pa3HbIMU CIIOCOOAMHU Ha OCHOBE HKCHEPTHBIX OLIEHOK
BBIOOpa METPHUK (PacCTOSHWI) HAa MHOXKECTBE 3HAUCHUU Y, OMPENeSIOmUX IEH
pemaeMbix 3aaa4. Takoro copra mnpoOIeMbl BO3HHKAIOT MPH IUIAHUPOBAHUU
DKCIIEPUMEHTOB B €CTECTBEHHBIX HAyKaX, B OJKOHOMHUKE, IPH IOCTPOEHUHU
QITOPUTMOB ~ pacno3HaBaHus  o0Opa3oB, TMpPU  pPEIICHUH OOpaTHBIX  3a7ay
Kjaccuukanuu oObEKTOB, NMPU MPOCKTUPOBAHUU CHUCTEM YIPABICHHS, HABEICHUS,
MPUILICIMBAHNS, HABUTALIUM U T.II. [2].

3agaun noctpoeHns MHC Ha OCHOBE MHOIOWIEHOB MHOTHMX IT€PEMEHHBIX
CYLIECTBEHHBIM 00pa3oM CBs3aHbl C MPUOJMKEHHEM JIOCTAaTOYHO TIIAJKHUX
OoTOOpaXeHUl YaCTMYHBIMH CyMMaMH COOTBETCTBYyIOIEro psiaa Teinopa, dYTO
TpeOyeT BBIUMCIICHUSI OIICHOK MPOM3BOJHBIX HEM3BECTHON (YHKIIMU Ha O0Oydaromiem
MHOXECTBE. JTO MPHUBOAUT K HEOOXOAMMOCTU PEIICHHS WHTETPaJIbHbIX ypaBHEHUMN
Bonsreppa (®pearonbma) 1-ro poma Tuma CBEPTKHM ¢ MNPUOMIDKEHHO 3aJaHHOU
npaBoi yacThio. COOCTBEHHO TOBOPS, STOT MOAXO/ MOJO0KEH B OCHOBY MOITYJISIPHOTO
Ha3BaHus «cBEépTouHble THCY». OT™MeTHM, uTo ypaBHeHue ®@penronsma 1-ro poaa Ha
IPOCTPAHCTBE CYMMHUPYEMBIX (DYHKIUH SIBISIETCS THIMYHON HEKOPPEKTHOM 3a/1aueid,
oOmajnaromed  BbIPAKEHHOW  BBIYMCIUTENIIBHOW  HEYCTOMYMBOCTBIO,  KOTOpas
MPEOA0IIEBAETCS HA OCHOBE MeTOAO0B perynsapuzanuu A.H.Tuxonosa [17].
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Dynoamenmanvnvle npoodnemvt ycmouvueocmu u cxooumocmu. OTMETUM
BaKHble TMOHATUSA g Oonee ob6mmx HWHC, koTtopsie accomuupyrorcs ¢
PacCMOTPEHHBIM IIPUMEPOM.

1. Emxocts namsatu MHC, onpenenseMast o0beMoM oOydaroriero Habopa

Ry=t(",3"), (3%, 3%),.. ", )

2. Tounocts MHC mo mpuOnmxeHuo 3aJJaHHOTO KJlacca anmpOKCUMUPYEMBIX
OTHOILLIEHUHU R. JIOCTUKUMOCTD IMOCTABJICHHBIX LIEJIEH.

3. Cxopocts o0yuenuss MHC Ha ocHOBe 3aganHOr0 anropurma F.

4. «I'ubkocte» MHC 1o OTHOIIEHUIO K MepeHACTpoiKke €€ CTPYKTyphl (a
MMEHHO, K TUHAMUYECKOMY M3MEHEHUI0 Habopa (QYHKITMN NCKYCCTBEHHBIX HEHPOHOB
O;, mpaBuiIa BHIOOpA BECOBBIX KOA(PDUIIMECHTOB W;, ©3MEHEHHUIO 00ydJaromero Habopa

R, wurTm).

5. beictponeiicreue MHC.

6. YCTOMYMBOCTDH TMOJYyYa€MbIX BBIXOJHBIX JAHHBIX MPU U3MEHEHUSX BXOIHBIX
JTAHHBIX.

7. Peann3yemMoCTh BBIYMCIUTEIBHBIX MPOLEAYP HAa MCKYCCTBEHHBIX HEHMPOHAX,
UX HaAEKHOCTD.

8. 3aBucumocTh TouHOCTH U ObIcTpOnericTBus MHC oT e€ pazmepHoCTH.

9. Bo3MOXXHOCTh aBTOMaTnueckoro noHwxenus pasmepnoctu MHC B mpouecce
AKCILUTyaTaluu C UEJIbI0 ONTUMU3AINYU €€ XapaKTEPUCTHUK.

10. OTKa30yCTOWYUBOCTD, pe3epBUpPOBaHNE (DYHKIIMIA ¥ TTOMEXO3AIIUIIEHHOCTh
HNHC.

11. CoBmectumocts ¢ npyrumu MHC 3a cuer pacmmpeHus CTPyKTyphl Ha
OCHOBE CpallMBaHus UX rpad)oB U B3aMMHOTO OOMEHA JIaHHBIMHU.

12. Tononornueckme wuHBapuaHThl CcTpykTypel MHC wu romoronnueckas
AKBUBAJIEHTHOCTH pa3ianyHbIX peanusanuii MHC.

OtMetnMm, 4TO comepkaHue M. 11 OTHOCHUTCS K KOMIUIEKCY, COCTABIIECHHOMY W3
NHC pa3nuuHoil nmpupojpl, KOTOPHIA MOXKHO OXapaKTepU30BaTh KaK MPUOIMKEHUE
cucteM uckyccrBeHHoro uHTeswiekra (MU). CooTBeTcTBEHHO, B AaJIbHEHIIIEM MO
texHonoruen MU ™Mbl moHMMaeM ymnopsiiIOUEHHYIO HEPAPXUI0 CBA3aHHBIX MEXKIY
coboii MHC Ha ocHOBe amnpuopu BBEACHHOTO YelOBEYECKUM HMHTEILIEKTOM
OTHOIIEHMS MOpsI/IKa HA 3TOM MHOXkecTBe. OUeBHIHO, YTO NpHU TakoMm noaxoxne MU
ABJISIETCSI IPOU3BOJHBIM Pa0OTHI €CTECTBEHHOIO (UEJI0BEUECKOT0) UHTEIICKTA.

CornacHo Tteopeme ['€nens B m000il HEMPOTUBOPEUHBOU (POpMaANTBHON cUCTEME
Ha SI3bIKE 3TOM CHUCTEMBI MOXXHO C(OPMYIMPOBATH YTBEP)KIEHUE, HE BBIBOJUMOE
BMECTE CO CBOMM OTPHUIIAHHEM, TO €CTh (DOPMaJIbHASI CUCTEMA SIBIISIETCS] HEMOJIIHOM.
Jlnst pa3pelieHrs HeOoNpeAeIeHHOCTH HEOOX0AUMO JT0OABUThH 3TO YTBEPKACHHUE WU
€ro OTpPHUIAHUE B COCTAB aKCMOM paccMarpuBaeMoil ¢opMalnbHON cucTeMbl. [lis
MamuHbl ThlOpUHTa 3TO O3HAYAaeT HAJWMYKMe BHEIIHEW MO OTHOIICHWIO K Heil Goiee
MHTEJIEKTYaIbHO PA3BUTON CUCTEMBbI, KOTOPOM KK/l pa3 HE0OXOUMO BHIOMPATH,
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KaKyl0 HOBYIO aKCMOMY J100aBUTh B (DOPMAJIbHYIO CUCTEMY U B COOTBETCTBUU C ITUM
BHIOOPDOM  HUCIIPaBUTh  QJITOPUTM  palboThl  MammHbl  ThlopuHra.  Takue
WHTEJUIEKTyaIbHbIE CUCTEMBI MOTYT 00pa30BBIBATH UEPAPXUIO BCE 00JIee CIOKHBIX U
BCEOOBEMITIONIMX ~ CHUCTEM, Ha  BEpIIMHE KOTOpOM  Haxomutcs  YenoBek.
HeoOxoquMocTh Takol uepapxuu cleayer u3 TteopeMbl JleBenreiima—Ckonema,
KOTOpasi yTBEp)KJaeT, 4To Jobas CHUCTEMa aKCHOM JOMYyCKaeT HAaMHOTO OoJbIie
CYLIECTBEHHO PA3JIMYHBIX MHTEPIIPETALAM, YEM MPEAIONArajloch MpyU €€ CO3JaHHHU.
AKCHOMBI HE YCTAaHABIMBAIOT IPEACIOB Uil WHTEPIPETAlMi WIA MOJENEH, H
MI03TOMY HEOOXOAMMO CYIIECTBOBaHHE KOppeKkTopa — YenoBeka. AKCHOMaTHYECKUE
CHUCTEMBI, K KOTOPBIM IpuMeHUMa TeopeMa JIeBenreiima—Ckosiema, mpeaHa3HaqaroTCs
JUISL 3aJlaHUsI OHOM BIOJIHE KOHKPETHOW MHTEPIIpETalnK, U, Oyaydu NpUMEHUMbBIMU
K COBEPILICHHO PAa3JIMYHBIM MOJIEISAM, OHU TEM CaMbIM HE COOTBETCTBYIOT CBOEMY
Ha3HaueHuto. [logBoms WTOr CKa3aHHOMY, MOXXHO OTMETHTb, 4YTO IPOPBIB,
npousBeaeHHbi MHC n Mmetonamu rimy6okoro o0yueHus, 00ecrey perieHue 3aad,
oTpaxaronux rmnepudepuiinpie QyHkuu yeioBeka. CaM mpolecc 00IyMbIBaHUS,
IJIAHUPOBAHUSA CBOMX JEUCTBUN («IIOBEIEHYECKOE» YIPABICHUE), JIOTUUYECKOIO
«pacCyKJeHus’» M abCTPAKTHOTO MBINUICHUS IMOKa HE BOCIPOM3BOAMUTCS PabOTOM
WCKYCCTBEHHBIX HEHPOHHBIX CETe. OTHU TPOIEeCChl TaK WM WHade OymayT
BOCIIPOM3BOJIUTHCS Ha OCHOBE OOBEAUHEHHUs pa3nuyHbiX MeTogoB UM (He Tonmbko U
HE CTOJIbKO HEMPOCETEBBIX) C UMUTAIMOHHBIM MOjieinpoBanuem [18].

EcTtecTBEHHBIM pa3BUTHEM YIOMSHYTBHIX BBIIIE WHTEPIOISLUOHHBIX HUJEH
nocrpoenus MHC wu comyrtcTByromein uepapxuueckor cucrembl UM aBnsiercs
MHTEPHOJIAIUA B MPOCTPAHCTBAX JIOTMYECKUX TMEPEMEHHBIX H IPUMEHECHUE
ONTHUMM3ALMOHHBIX MPOLEAYP HA YHNOPSJOUEHHOM CTPYKTYypE JIOTUUECKOTO BBIBOA,
cBsA3aHHOTO ¢ Teopemamu ['énens u JleBenreitma—Cronema.

Big Data u s¢ppexkmuenocmo 00yuenus UHC na ux ocnoge. Uto xacaercs
BO3HUKaroNmx mpodnem ¢ TouHocthio MHC mpu HeorpaHuueHHOM HapaliiBaHUU
oObema oOyuarolield COBOKYIMHOCTH R, , TO 3/1eCb MOKa3aTeJbHBIMU SIBISIIOTCS

npumepsl K J.'T.Pynre [3] um C.H.bepunmreiina [4] 118 WHTEPHOJISIIMOHHBIX
MHOTOYJIEHOB C HEOIPAHUYEHHBIM YBEJIMYEHUEM KOJIMYECTBA y3J10B HHTEPITOJIALIMH.
[Ipumepst Pynre, bepumreitna m o0mmii pe3ynsrar Pabepa yka3blBalOT Ha
BO3MOXKHOCTh INIYOOKOTro 3a0iy>KIEHUs, 4YTO HEOrpaHM4YEeHHOE HapalluBaHUE
HeliponoB B MHC u 6onbiivie o0beMbl qanubix N >>1 (Big Data), nonoxxeHHble B
OCHOBY 00y4aOIIiX HAG0POB R, , MOTYT 00ecrednTh 68 H3h(HEeKTHBHOCTD B PAMKaX

NU. To ke OTHOCUTCS KO MHOTMM YTBEPKACHHUSAM O NMOCTPOEHUHU TaK HA3bIBAEMBIX
«UU@POBBIX JBOMHUKOBY» 3a CYET OE3rpaHUYHOr0 HapallMBaHUA OO0YYaIOIIMX
Ha0OPOB JTAHHBIX I~?N= { (fc(l), )7(1)), (56(2), 5}(2))’ ()?(N), jz(N))}

VYKka3aHHbIE 3aMEUaHHUsl OTHOCATCS K 0Olel QyHIaMeHTaIbHON mpobiieMe
aHanu3a BbluHcauTeabHOM ycroiunBocth WHC npu HapamuBaHun 0OBEMOB
oOydaronux HaOOpPOB M KakK CJEACTBUE — TPaHUIl PEATU3yeMOCTH M 0Oe30MacHOU
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puMeHUMOCTH cucteM MU, moCTpOEHHBIX Ha KOMILIEKCAX B3aMMOJCHUCTBYIOIINX
HNHC.

ITonuepkHéM, 4TO Kiaccuyeckas Teopema Beiiepuirpacca [5] o miIoTHOCTH
MHO>KE€CTBA MHOTOWICHOB B TPOCTPAHCTBE HEMPEPHIBHBIX (DYHKIMIA HA KOMIIAKTE
MO3BOJISIET YTBEpXKIaTh cymiectBoBanue cxomsamuxcs MHC, noctpoeHHbix Ha 6asze
MHOTOWJICHOB, HO Teopema @abepa, a Taxke mpumepsl K.J.T. Pynre wu
C.H.bepHuTeiiHa yka3bIBalOT Ha pPUCKH BOBHHUKHOBEHUS 3HAYUTEIBHBIX OLIMOOK MpHU
npuMmeHerun MHC, mocTpoeHHBIX Ha OCHOBE MHOTOYJIEHOB, YIOBJIETBOPSIOIIMX
ycioButo (3) u 00ydJaroIux MHOKECTB i{,\, mpu N>1

BaxHO OTMETHTh, 4YTO CUMIUIMIMAIIbHBIC AaNIPOKCUMAlMM MHOTOMEPHBIX
HEMPEPHIBHBIX OTOOPaKEHUH Ha CUMILTUIIMATIBLHBIX KOMIIAKTHBIX KOMIUIEKCaX UMEIOT
yéTko BhIpakeHHYIO CTpykTypy MHC (koTOpyro HazoBéM cumrmummnuansHoit MHC),
npencrasieHnyto Ha puc.l. Ilpouenypa OapuIIeHTpUYECKOTO TOApPA3ACICHUS
CUMILIMLIHAIBHBIX KOMIUIEKCOB [7] Ha KOMIIaKTaX B COYETAHHM C PAaBHOMEpPHOU
HEMPEPHIBHOCTHIO OTOOPAKEHUI HA HUX MO3BOJISET YTBEPKIATh, YTO TAKUM 00pazom
noctpoeHubie cumiuinimaibubie UHC Ry paBHOMEpHO cxonmsiTcsi K R Ha KOMITAKTax
Opu  JUuameTpe x>0 OApULIEHTPUYECKUX  IOAPA3JIEICHUN  KOMIUIEKCa,
CTPEMSILEMCS K HYJIIO:

|Rr=R|lc—=0,N—=,0,—0

IToguepkHEM, UTO CKOPOCTh cX0aUMOCTU cuMIutuinaibHoit MHC Ha koMmIuiekce
K 11 mpoW3BOJBHBIX HENPEPBIBHBIX OTOOpa)K€HUl R ompenensiercss MoayJieM
HeNpepbIBHOCTI  ,(8)=Supy, -yl R(t)~R(v)|c(,8>0 . Hetpyamo ybemtses,

YTO MOrPEIIHOCTh NPUOMKEeHUs:  |R,.—R||, Ha CUMIUIMIUAIBHOM KOMILIEKce K,
SABIISIOMIEMCS KOMIIakToM B IR, , OlleHMBAeTcs CBEpXy BEJIMUMHOH m4(8) , Te
0>0 - To4Has BEpXHsAs IpaHb JUaMETpa CUMIUIEKCOB B KoMIulekce K=D, Ha

KOTOPOM OMpeaeeHo oToopakenue R co 3Hadenusimu B IR, . JleficTBUTENBHO, HA
KaX/I0M CUMIUIeKce 7, BXOASIEM B CUMIUIMIUAIbHBINA KOMILIEKC K, CIpaBe/uINBa
dbopmyna

RF(X):;) MiR(ai)’ xZZ wa,€T, M,ZO,Z w=1,

i=0 i=1

e |, — OapuIEHTpUYECKHE KOOPIUHATHI TOUKU X B CUMILIEKCE 7, HATAHYTOM Ha
BepmMHbl  a,,0<i<m , n — pa3mMepHocTb cumiuiekca 7. Takum oOpa3om,
MOCKOJIBKY AMaMeTp cuMIuiekca 7 He mpeBocxoguT 0>0 , To

||R<x>—RF<x>|.R”,sgui||ze<x>—RF<a,->|

CrnenoBarenbHO, TIOTy4YaeTcsl OIEHKAa CBEepXy s oObemMa N 00ydaromiero
Habopa R, cumnuummanshoit UHC N <(n+1)vol(K )8~" , rme vol(K) - oneHka

R, <04 (0)

m
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o0bemMa CHUMILUIMIHAIBHOTO KoMiuiekca K. OTMETUM, UYTO B COYETaHUM C 3aJaHHOU
Tounocthlo MHC & BBIpa)keHHOH uepe3 MOAYAb HENPEPHIBHOCTH  m4(d)

HOJTy4aeM ycJoBHe
(n+1)vol(K)
N

ERW,

B vactHOCTH, U1 T1agkoro otoOpaxkeHus: R MOrpeHoCcTh NpulImkeHus Ry Ha
KoMIuiekce K mpomopuuoHaibHa BeauumdHe N'. OpgHako, B OOJBIIMHCTBE
MPAKTUYECKUX 3a/1a4 pasyMHas anpuopHas HHGOpMAILMs O MOJIYJe HENPEepPhIBHOCTH

W, OTCYTCTBYET, YTO IPUBOAUT K BO3MOKHOCTH I'pyObIX OIIMOOK armpoKCHMaluu

P UHTYUTHBHOM BbIOOpe 0O0beMa N oOyuaroliero MHoxectBa R, . SIcCHO, 4TO B

CIJIy TUX MPUYHUH HE CYIIECTBYET YHUBEPCAIHHOW MO TOUHOCTU CUMILIUIMAILHON
NHC na 3aganHom oObeme N oOyuwaromero Habopa R, . PasymuHoii sBisercs

MOCTAHOBKA 3a7a4yu O TOYHOCTH cuMIutdinanbHeiXx MHC Ha Ki1accax HempepbIBHBIX
OTOOpaXKEHU B  3aBUCUMOCTH OT ampuopHOM wuHPOpMAMM O  MOAYJE
HEMPEPBIBHOCTH ) 4(d)

OTMeTHM TaKKe, 4YTO B CHMIy MOHOTOHHOro BospacTaHus 004 m,(d)

CYIIECTBEHHOE BIMSIHUE HA BEJIMUMHY MOTPEUTHOCTH alpoKcUMaIuu B hopmyie (6)
OKa3bIBAECT PA3MEPHOCTh 1 MIPOCTPAHCTBA apTyMEHTOB XEK . DTO UMEET 3HAYEHUE
JUTSL BXOJTHBIX JAHHBIX OOJBIION pa3MepHOCTH n>>>1 , B YaCTHOCTH, 3Ta CUTYalUs
TUTIMYHA TIpU 00paboTKe BUACOUH(OPMAITUU U pACIIO3HABAHUH 00Pa30B.

Cnegyer TOMYEpKHYTh, YTO dI(PPEeKTUBHOCTh paccmarpuBaeMbix MHC
oOyclIOBJIeHa TeM, 4TO «IpeAckasbiBaeMoe» 3HaueHue (QyHkuuu 007R(x)
o0ecreunBaeTCsd «OKPY>KEHHEM» TOUKH X BHYTpPU cuMiiekca 7T €K J0CTaTOYHO
MaJjoro auamerpa O, B BEPIIMHAX KOTOPOTO 3a/JaHbl OOydYarolne 3HAaueHUs u3 Ry,
KOTOpBIE 32 CYET TMHEMHON MHTEPNOJIALMU PACIPOCTPAHIIOTCS HA TOUKY Xx. [Ipu 3TOM
e€ OapULEHTpUYECKHE KOOpAMHATBI  {U,} B TOYHOCTH SBIIOTCSA BECOBBIMU
ko3 punuentamu cBszerd B cumiumiuanbHoi MHC, coorBercTByromed pucyHky 1.
EcrectBenno, uro mo moctpoenutro MHC B cuily mpuBEAEHHBIX KOHCTPYKTHBHBIX
O0COOCHHOCTEH MPUHIMIHAIBLHO HE MOTYT OBITh HCIIOJIB30BAaHBI JJIA Pa3yMHBIX C
TOYKM 3PEHUS TOYHOCTH MOCTAHOBOK 3aJad IPOTHO3a, BBIXOMAIIMX 33 TPAHULBI
komIuiekca K (akctpanossiiuu). s 3THX 1eneid HeoOXOJuMO paccMOTpPEHHE
oOydaronux HabOpoB Ha OoJyiee MUPOKUX KoMIuiekcax K '©K , 4To, HECOMHEHHO,
TpeOyeT AKCIEPTHHIX OLICHOK, BHITOJIHEHHBIX YEII0BEKOM.

[1.JI.YeObmEBBIM MpU  PACCMOTPEHUU 3aJaud O MHOTOWICHE, HauMEHEe
VKIOHSIOIIEMCS OT Hy/s, OblIa pellleHa 3ajJadya O MHUHHMHU3AIUU OUIMOKU
MHTEPHOJISUMU 3aJaHHOrO0 Kilacca (YHKUMHA 3a CUeT pacloNoKEHHUs Y3JI0B
MHTEPHOJIUPOBAHUS N0 KOpHAM MHoOrouwieHoB YeObrména [8]. OueBUAHO, YTO 3TO
CIIy’KUT OTIPABHOM TOYKOHM MJi IMIMPOKOTO KJacca MCCIEAOBAHUN MO ONTUMHU3ALUU
BbIOOpa oOyuaromux Habopos 11st noctpoenus MHC.
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BaxneiimuM acnexkrom — mpakruueckoro npumeHenns HWHC  gBnsercs
CYLIECTBEHHOE CHWXEeHHe oO0beMa N oOyuaromiero MHoxectBa. Ha sToM myTtu
3¢ (deKTHUBHBIE pEIICHUs! CBA3aHBI C MPUMEHEHHUEM IMPOIEeIyPbl MOCIIEI0BATEIILHOTO
ycpenHeHus: anmpokcuMaruii Ha ocHoBe 3BY (3akona Oombmmx ywmcen I1.JI.
YeObImi€Ba), MAOMIEro CYIMIECTBEHHOE YCKOPEHHE CXOJUMOCTH YaCTHYHBIX CYMM B
Teopun TpUTroHOMeTpudeckux psanoB dypre [9]. Ananmormunsii 3¢ GdeKT cBs3aH ¢
Teopemoid Masypa [1], mo3BoJsAroIIel 3a CUET MpOLENypbl YCPEIHEHHSI TPEBPATUTD
ci1ab0 CXOASIIMECS] TOCIEN0BATEIbHOCTH B CHIIBHO cxonsdiuecs. biauskoe siBneHue
MMEET MECTO B MeTojJie PuuapjcoHa yCKOpEHHsI CXOJMMOCTH Pa3HOCTHBIX CXEM Ha
rpyObix cetkax [11].

OtMetuM, 4TO Tak HaszbiBaeMble MHorocnoinbie MHC mpeactaBnsioT coboi
CYNEPIO3UIMI0  HECKOJIbKUX  cuMiuinuaibabix HWMHC, B koTOphIX  MOTYT
peanu30BbIBAaThCSl TaKke OOpaTHbIE CBA3M U T.I. Bompocel uX JIEeKOMITO3HIINH,
TOYHOCTH, A()(PEKTUBHOCTH B HACTOSIIEE BpeMs ABIAETCS, MO OoJblIed Mepe,
00JIACThIO MHKEHEPHBIX BHIYUCIUTEIbHBIX SKCTIEPUMEHTOB.

BakHpIM MOMEHTOM I OyIyIIUX HCCIEIOBAHUNA MaTEeMaTHYECKON MPHPOIBI
NHC sBnseTcss OTBICKAHWE CBSI3aHHBIX C HUMH TOIOJOTUYECKUX HWHBApUAHTOB
(rOMOTONUYECKUX TPYII) U OTHICKAHUE YCIOBUUA SKBUBAJICHTHOCTU CTPYKTYpbI
pa3IUYHBIX MaTeMaTUYECKUX Mozenel, peanusyromux MHC.

[Ipennoxennas KOHCTPYKIHUS MOCTPOEHUS BBIIICYTIOMSHYThIX
cumminnuanbHbix MHC, kak u GonbmmHCTBO myOnukamuii mo paspadorke MHC,
OCHOBaHHBIX Ha MHeMocxeme (puc. 1), umelHo cBsizaHa ¢ paboramu A.H.
Konmoroposa u B.W. Apnonbaa [13] o npencraBieHnn HenpepblBHBIX (QyHKumii. B
1957 r. umu ObUIa JOKa3aHa TeopeMa (HampsiMyro oTHocsmascs K 13- npoGieme /I.
['uns6epra), 4To JII0OasT HENmpepbiBHAS (PYHKIIUS MHOTHX MEPEMEHHBIX MOXKET OBITh
Mpe/ICTaBlieHa B BUJE CYNEPIO3UIIMU OMEpaluii CIOKEHHUS W KOHEYHOro Habopa
GbyHKIIUN OJTHOM MEpEMEHHOM.

HNHC, ocHOBaHHbIE HAa UHTEPHOJIALNU JaHHbBIX, SABIISIIOTCS UCKIIOUUTEIIbHBIMU U
YAOOHBIMU C TOYKU 3PEHUS MX JETATLHOTO MCCIEAOBAHMS, TEOPETUUECKOTO aHaln3a,
MOCKOJIBKY MHHHUMYM ONTHUMHU3UPYIOMIET0 (yHKIMOHATA MPUBOIUT K TOYHO
peraeMbIM 3aJjauaM, Ha KOTOPBIX MOXHO HCCIENOBaTh MPUHIIMIUAIBLHO Ba)KHBIC
npoOsieMbl TOCTpoeHus U PpyHkuronupoBanuss MHC.

Ha mpaktuke pa3MepHOCTh MNPOCTPAHCTBA BXOAHBIX JAHHBIX CYIIECTBEHHO
OOJblIIE Pa3MEPHOCTU BBIXOAHBIX JaHHBIX. TunuuyHoe wucnonb3zoBanue WHC
HalleJICHO Ha «CXKaTthe» o00padaThiBaeMOro MOTOKAa OOJBIINX OOBEMOB BXOJIHBIX
JAHHBIX C TIeJbl0 HMX KilacCU(UKAIUMU, paclo3HaBaHUs OOBEKTOB, BHUACO W
aKyCTHYeCKOU MH(OpMAIIIK U T.II.

[Ipouenypa cxxatusi 60JIBIINX 00bEMOB JTAHHBIX MOXKET OBITh PacCMOTpEHa Kak
JIENCTBHE KOMITAKTHOTO HEMPEPHIBHOTO oreparopa R B TMIL0EpTOBOM MPOCTPAHCTBE
H,te. R:H—H . Co0TBEeTCTBEHHO, POIEAYPY «CKATU» BXOTHON MH(DOpMaIuu
noja JeHcTBUEM ormeparopa R MOXHO TpakTOBaTh KaK TO, YTO OTrPaHUYCHHBIC
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MHOXECTBA BXOAHBIX JaHHbIX Big Data B 0OecKOHEUHOMEPHOM THIBOEPTOBOM
npoctpanctee H mpeoOpasytorcs HMHC B mpenkoMmakTHble IOJMHOMKECTBA
BBIXOJHbIX JaHHBIX  yEH  (IOYTM KOHEYHBIE MHOXECTBA, T.€. XOPOULIO
anmpoKCUMHUPYEMbIe KOHEUHBIMH €-CETSIMU). 3a/1a41 paclo3HaBaHUsI 00pa30B, 3aauu
uX Kiaccupukanuu MOXHO chopmynuposams kak omvickaHue peuieHus x€H
obpamuoll 3a0ayu

R(x)=y 4)
Ha OCHOBE TOJYYEHHBIX JaHHbIX YEH , neXammx B MPEIKOMIIAKTHOM MHOXKECTBE.
CymecTBeHHOM I 3TOro0  KJjlacca 3ajaady  sBisieTcss Teopema bapa [9] o
HEBO3MOKHOCTH TPEJICTABICHUS IIOJHOTO METPUYECKOIO MPOCTPAHCTBA B BHJE
CUETHOTO OObEIMHEHHUS HUIJIE HEIUIOTHBIX MOJMHOXeECTB. LleHTpanbHol pobieMoi
JUISl OTBICKAHUsI pelIeHUd oOpartHOM 3amaun (4) ¢ KOMIIAKTHBIM HENpPEPHIBHBIM
oreparopoM R Ha TWIBOEPTOBOM MpPOCTpaHCTBE /H sBIsAETCS JUOO OTCYTCTBUE
peuieHus ypaBHeHus (4) (T.e. HE pHU BCeX 3HAYEHUSIX JYEH CyLIECTBYeT pelIeHHUe
ypaBHeHUs (4)), 1MO0 OTCYTCTBHE CBOMCTBA HEMPEPHIBHOCTH y OOPATHOIO Oneparopa
R' na obpase R(H)cH - NpUHLUIHAILHAS BBHIYMCIUTEIbHAS HEYCTONYMBOCTD
peneHui 3aaauu (4).

Teopema 1, [10]. IIycmv R:H,— H, A6naemcsa Henpepvl8HbIM KOMNAKIMHbIM
omobpadicenuem Ha eunbbepmosvlx npocmpancmeax H,, H, . Ilycmv nHa obpasze
R(H,)cH, onpedeneno obpammnoe omobpadsicenue R_I:R(Hl)—>H1 . Toeoa
MHOXMCecmeo mouek yEH, , 0na Komopwix He cywjecmeyem peuieHue ypasHeHusl
(4), ssnaemca eciody naommvim 6 H, , a onepamop R "“:R(H 1)—>H , He

ABNAEMCS. HENPEPLIBHLIM HU 68 KAKOM OMKPLIMOM uiape 8 UHOYYUpOBanHOU MempuKe
npocmpancmeom H, wna obpase R(H )

OTmeTHM, 4TO AJI JIMHEHHBIX OIEparopoB R, YNOBIETBOPSIOIIMX YCIOBHIM
3TOM TEOPEMBI, OTCYTCTBHE HEMPEPHIBHOCTH Y 00paTHOTO oneparopa R uMeeT MecTo
B KakJ0i Touke obpaza R(H ,)cH, [11]. TlockoibKy 3TO SBJICHHE CIIPABELITHBO

Ha BCIOAY IUIOTHOM BO MHOMKECTBE BBIXOIHBIX JaHHBIX yER(H,) , To 06paboTka

OonpIMX TOTOKOB JgaHHbIX Ha ocHoBe HMHC ¢ muenbto knaccuduxamuu u
pacro3HaBaHUs BXOJHBIX JaHHBIX X, OCHOBaHHAas Ha pelleHuu 3anaun (4) c
KOMITAKTHBIM OIIEPATOPOM R, SIBJISIETCS BCETZIa HEKOPPEKTHOM 3a/1a4e€i U yCTOMYHMBOE
MOJyYeHHE aNMpOKCHUMAllUM PEIIeHUs X JOMOJHUTENbHO TpeOyeT HpUMEHEHUs
MeTO/IOB peryisipuzanuu [17]. B 4acTHOCTH, 3TO sIBJICHHE TUIUYHO JJIsl alnaparHou
uppoBoil 00paOOTKH NaHHBIX HAa OCHOBE YAaCTOTHOM (MIBTpAllMM CUTHAJIOB C
ITOJIaBJICHUEM BBICOKOYACTOTHOM KOMIIOHEHTBI BXOJIHOTO CUrHana
x€H,=L,[a,b]

Takum o0pa3om, kimaccel 3amad, ocHoBaHHble Ha mnpuMeHeHun MHC xak
CpEICTBa anMnpOKCUMALMM OTOOPaKEHUM M MOCTPOCHUS pEUIEHUH OOpaTHBIX 3a]1a4 ¢
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KOMITAKTHBIM OTIEPaTOpOM, OOHAPY>KMBAIOT 00Illee MareMaThuyecKoe CBOWCTBO —
BBIYHCIIUTEIBHYIO HEYCTOMYUBOCTH MPU 00padOTKe OONBIINX MACCUBOB JJAHHBIX. DTU
npoOsieMbl aHAJOTHYHBI TakKe JUIsl 3a7Jad «BOCCTAHOBIICHHs» O0Opa3oB IO
«U(PPOBHIM JBOMHUKAM, IIOCKOJIBKY UMEIOT Ty K€ MaTeMaTHYECKYIO TPUPOIY.

Mooenu HHC u 3a0auu o nenoosusxcuoit mouke. Iloctpoenne monenu MHC

MOXET paccMaTpuBaThCid Kak 3anada (2) o0 OTBICKAHWM HEMOJBHXKHOM TOYKU

¥(¥=f(%)) nna HexoToporo orobpaxkenus f:M —M Ha MHOKECTBE JAHHBIX

M>XUY . Boeibop orobpaxenuss f HazoBéMm cioem HWMHC. Ilo cymiecTsy,
noctpoenue cnosi MHC sBnsercs stanom mnoctpoeHuss MHorocnorHon WMHC,
COCTOSIILIEH M3 TIOCIENI0BAaTeNIbHO MPUMEHSeMBbIX npeoOpazoBanuid [, M —-M -
CIOEB, KOTOpBIE TMOCIEAOBATEILHO MOAUMPDHUIIUPYIOTCS — MOJIb30BATENEM IS
JOCTUKEHUSI HEKOTOPOTO  «ONTHUMAJIbHOTO, WACAIBHOTO JJis  IOJIb30BaTENIs»
pesynbrara. VICKOMBI pe3ynbTaT NpPEACTaBIseT COOO0H HEMOIBIKHYIO TOUKY
HEKOTOPOro MpenenbHoro mnpeodpasoBanust f=lim, . f, . B MHorux ciyuasx
IIPOLIECC OTBICKAHHWSA X OCHOBBIBAETCS HA PACCMOTPEHUM IOCIIEIOBATEIIBHOCTH
UTepaLun

xn+1:fn(xn> (5)

Yacto mpu KOHKpETHBIX peanuzarusx MHorocioinbsix MHC crnou BeIOHparoT
OJIMHAKOBBIMH, T.€. UTepauuu f,=f . Takol moaxox K CO34aHUIO MHOT'OCIOMHBIX
HNHC, BooGmie roBopsi, MoxkeT He cxonutbes. A.H.lllapkoBckum ajis omHOMEPHBIX
urepamuit  x,.,=f,(x,) OB 0OHapyXeH qUHAMHYECKUi xaoc [19].

Takum o0pazom, mnoctpoenue nenodku cioéB MHC nomkHO NOTYMHSATHCA
MO (DUKAIUSAM, TAPAHTUPYIOIIMX CXOIMMOCTh UTEpAIUi.

Hwxe paccMOTpeHbI anropuTMbl, 001a1at0IIHe TAKUMU CBONCTBAMU.

Teopema 2, [22]. Ilycmov (M, p) — nonnoe mempuueckoe npocmpancmeo, Ha
Komopom  oelicmgeyem  NOCLe008AMENbHOCb — PABHOCMENEHHO  CHCUMAIOUJUX
onepamopos

f.iM—M ,neIN (6)
m. e. nocmosauHvle cocamus 0nsi [ He npegocxooam eenudunvl 0<q<I. Ilycmo
noC1e008amenbHOCMb HenoosudicHvblx mouex  X,, n€N , omobpaoswcenuti  f
cxooumcesl Kk Hekomopou mouke XEM . Tocoa mouka X Mmodicem Obimb HAUlOEeHA
Kax npeden umepayuil
xn+1:fn+l(xn>’n:091’ T (7)

20e HauanbHas mouka Xx,EM  8blOUupaemcs npouszeonvHo.

3ameuanue. JlOCTaTOYHBIM YCIOBHEM CXOIMMOCTH TOYEK X,  SIBIAETCA

IIOTOYEYHAs CXOAUMOCTb OTOOpakeHuid  f, Ha M.

[IpuBenéHnHas BbIllIe TEOPEMA CBSA3aHA C MIOCTPOECHUEM CHUCTEM C €IMHCTBEHHBIM
pemearieMm. [lpakTtudeckue 3amaund KiacCUUKANMK W pacro3HaBaHus 00pazoB
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CBS3aHbl C YCTAHOBJICHMEM COOTBETCTBMS TOCTYMAIOUIMX JAaHHBIX OJHOMY U3
MHOXECTBa OOBEKTOB, KKJIOMY M3 KOTOPBIX COIOCTABIISIETCS HETOJBIIKHAS TOUYKA
MHorocnoiiHor MHC. To ecth aisg Takux OTOOpa)XeHWM HEMOJBIKHAS TOYKAa HE
€AMHCTBEHHA, MO3TOMY OJHHUM M3 BAXXHEUIIMX AacIleKTOB CO3/JaHUS YCTOMUMBBIX
MHorocioiHbix MHC  sBIsieTcss MOCTpOCHHE aJIrOpPUTMOB, CTaOHMIM3UPYIOIINX
npenenpHoe moBeneHrne utepanuii (7), mMpu OTKa3e OT TpeOOBaHUS TEOPEMBI 2,
CBS3aHHOTO CO CBOMCTBOM pPaBHOMEpPHOIO cxaTusi. B 4YacTHOCTH, XaoTHyeckoe
MoBeJIeHUE MocienoBarenbHocTed (5), (6) 00yClOBIEHO HAJIMYHEM IMOJIMHOXECTBA,
rme  oroOpaxeHue (6) sABISETCS  JIOCTATOYHO  CHJIBHO  PACTSTUBAIOIIUM.
AHQJIOTUYHBIMU CBOMCTBOM O0JIaIa€T HOCTATOYHO IIUPOKHUM KJacCc OTOOpa)KE€HUM, B
KOTOPBIH, €CTECTBEHHO, MOMAJAI0T AKcnepuMeHTanbHo co3gaBaembie MHC. Takoe
MOBEJICHNWE TUITMYHO JIJIs1 TUIIEPOOINYECKUX TUHAMUYECKUX cucteM [21].

C yka3aHHBIMU SIBICHUSIMH CBSI3aHO OOIlEe CBOMCTBO HEYCTOMYMBOCTH
MOBEJICHNS BBICOKOYACTOTHBIX TAPMOHUK Pa3JIOKEHUs O0ToOpakeHui B psan Dypobe, a
UMEHHO, BBICOKMM HOMepaM O0a3uCHBIX (YHKIHUNA COOTBETCTBYIOT OOJIbIIINE
KO3(PPUITUEHTHI paCTSKEHUS, TOPOXKIAIONINE Xa0TUUECKOE MOBEICHUE uTeparuii (5).

Teopema 3, [22]. Ilycmv Henpepvisnoe omooOpaxcenue f na 000 R,

ocmasnsiem UHBAPUAHMHBIM — 02PAHUYEeHHbIU  3amMKHymbuld  wap M. Ilycme
nocnedosamenvrocms umepayuti (7) onpedensemcs ghpopmynamu

n—1
001 x,=f (53 ) ®)
i=0
IIpeononooxcum, umo noumu  6e30e  cywjecmeyem  npeoel  CPEeOHUX

n—1
apugpmemuueckux 002 X=%in . Toeoa nocnedosamenvrHocmo umepayuti (8)
i=0
cxooumces K Henoogudxcnou mouke 003 X omobpasxcenuss 004 M —-M  noumu
o7 6cex Havanvhvix moyek 005 x, €M
Takum o6pazoM, anropuTmbl (8) MOTYT OBITH MOJOXEHBI B OCHOBY CO3JaHUS
KJ1accoB ycToHuMBbIX cxonsamuxcs MHC.
OTKpBITBIM  SBJISIETCS  (PYyHIAMEHTAIBHBIM BOMPOC O CXOAUMOCTH CPEIHUX

-1

1 , .

apudpmerndeckux 006 —Z x; . OH comepxaTeybHO PELIEH B PAMKAX 3PrOANYECKON
nizo

teopeMbl  bupkropa—Xunumna [23] s oroOpaxkenmit 007 f M ->M
COXPAHSIONINX Mepy. BhuncIuTeNnbHBIC 3KCIEPUMEHTHI aBTOPOB JIEMOHCTPHUPYIOT
HaZE&KHOCTh W BBIUHUCIUTENBHYIO YCTOMYMBOCTH airoput™a (8) s IIUPOKOTO
KJ1acca HEeTIPEPHIBHBIX 0TOOpaskeHuH 1mapa B ceOsl.

Henoosuscnvie mouku omoopasricenuit Ha ynopaoo4eHHbvIX NPOCMPAHCMEAX
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(monomonnaa  cxooumocmsv  umepayuii). 1IepCIEKTUBHBIM  HapaBICHUEM
MOCTPOCHUSI U OOOCHOBAHUSI CXOAMUMOCTH anroputmoB (2) mns uepapxun MHC,
KOTOPBIE COCTABIAIOT CTPYKTYpy U siBNsieTCsl TPUMEHEHUE TEOPEM O HEMOABUKHBIX
TOYKaxX Ha JIOKAJIBHO BBIMYKJIBIX U YIOPSJOYEHHBIX MPOCTPAHCTBAX, CBA3AHHBIX C
paboramu A.H.Tuxonosa, FO.lllaynepa u A.Tapckoro [1]. DTu TeopeMbl MO3BOJSAIOT
BO MHOrux mnpakrudeckux 3aaadax g WMHC, ocHOBaHHBIX Ha COXPaHSIOIIMX
MOPSITIOK HEMPEPHIBHBIX OTOOPAXKEHUSIX, TOCTPOUTh KOHCTPYKTHUBHBIC CXOISIITUECS
aJrOpPUTMbI K HaMeEHbIlIeW (HauOoJbIlei) HeMOABMKHON Touke. B "yacTHOCTH, 3TO
YTBEPXKJCHUE HMMEET IITyOOKHE MPUIIOKEHUS B (POPMAIBHOM CEMaHTHKE S3bIKOB
porpaMMHUpOBaHusl (B aOCTPAaKTHON HHTEpIpETAlMU — TEOPUM AalpPOKCUMAIIUU
CEMaHTHKU KOMITBIOTEPHBIX SI3BIKOB, CBsi3aHHOM ¢ umeHamu 1. u P.Ky3o0 [25]).

Memoowvt nocpysycenua u npumenenue HHC ona pewenusn 3a0au mexanuku
cnaownon cpedwt. Clienyer TMOMYEpKHYTh, YTO B HEKOTOPOM CMBbICIE Haubolee
amantupoBaHHoi k TexHonmoruu MHC, pazpaboraHHON M YHUBEpPCAIbHOU SIBISIETCS
TEOPHsI BBIYUCIUTEIBHBIX METONOB JUIS JUHEHHBIX 3anad. [loaToMy c 3TOM TOYKHM
3pEHUs BAXKHBIMU SIBIISIFOTCS TIPOLIEYPhI «IIOTPYKEHUsD) HEIMHEWHBIX 33]1ad B 0011I1e
KJIACChl JIMHEHMHBIX 3a CYET W3MEHEHMSI MCXOAHOW pPA3MEPHOCTH ONUCAHUSA U
pacuupenus (pyHKIIMOHATBHBIX IPOCTPAHCTB [26].

OTME4EeHHOE BBILIE MMOTPY>KEHHE HEJIMHEHHBIX CUCTEM B JIMHEHHYIO JUHAMUKY
MOXKET OBITb YHHBEpPCAJIbHBIM O0Opa3oM pEaJU30BaHO B paMKax KOHUENIUU
(YHKIMOHAIBHBIX PEIICHUN Il KBa3WJIMHEWHBIX CUCTEM Ha OCHOBE BIIOJKEHUA SHTa
cOOO0JIEBCKUX OOOOIIEHHBIX PEUIEHUH B MPOCTPAHCTBO JMHEHHBIX (PYHKIIMOHAJIOB,
cHa0XEHHOE TUXOHOBCKOI Tomoioruei [27, 28].

3amMeTuM, 4YTO YCIIOBHE cjiaboi yctowumBocTh [27, 28] mo cBoeil mpupoje
3HAQYUTEIBbHO MPOILIE MOHATUS YCTOWYMBOCTH B TEOPUU PA3HOCTHBIX CXEM MJIS
HEJIMHEWHBIX 3a7]a4, OHO OTPa)XaeT «IPaBHIbHOE» BOCIPOU3BEACHUE OCHOBHBIX
3aKOHOB cOoxpaHeHMs. [l03TOMy NpemIOKEHHBIM METOJ IOTIPYKEHHS! HEIIMHEHWHBIX
3aKOHOB COXpaHEHHUS B JIMHEMHBIE 3a/aud Ha MNPOCTPaHCTBE (YHKIMOHAJIbHBIX
pemeHudi, cHaOxéunom Tomonoruedr A.H.TuxoHoBa, wuMeeT yHHBepcaJbHBIN
BBIYMCIIUTEIbHBIN XapakTep, peaJM3yeMbld B paMKax JOKaibHO BbINykibix MHC,
COOTBETCTBYIOLIMX MHEMOCXEME Ha pucC. 1. 310 00yCIIOBIEHO TEM, UTO OINpENEIECHUE
(GYHKUMOHAJIBHOTO  pPEUIEHUSI  €CTECTBEHHBIM  00pa3oM  MpPOAOJDKAeTCs  Ha
MUHUMAJIbHYIO BBIMYKIIYIO 000JIOUKY, COAEPKALLYI0 (PYHKIIMOHAIBHBIE PEIIeHUS TS
3aJIaHHbIX HaYaJIbHBIX JIaHHBIX UHTETpaJIbHON (hopmbl 3a1aun Korm.

1. On the need for mathematical justification of artificial intelligence
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technologies.

Artificial intelligence (Al) technologies, which, as a rule, are understood as
artificial neural networks (ANN), in fact, are technologies for constructing
approximation of the mapping from a finite set of data (belonging to finite-
dimensional or infinite-dimensional spaces) into a given finite-dimensional set,
provided that some functional is minimized. The convergence and stability of such
approximations is A.N. Tikhonov's Theorem on fixed points of mappings on ordered
bounded sets. The applications of this theorem are the mathematical justification for
the success of Al of the "Digital Grandmaster" type. It was constructed by the authors
of this Al as approximation for the mapping from a finite ordered set of many
thousands of games played by real grandmasters into a finite set of one game,
provided its distance to winning is minimized. In essence, the “digital grandmaster”
is a Google search engine based on a finite set of games played by real grandmasters,
and supplemented by the authors of this Al with a metric of the game’s proximity to
winning. The mathematical justification of the ChatGPT success, which is also an
analogue of the Google search engine, is completely analogous to the finite ordered
set of many tens and hundreds of thousands of written works by real authors (they are
also Big Data). It is supplemented by the authors of this chat with the metric for
evaluation the proximity of various fragments of written works to a given fragment.
As will be shown in Section 2, in the case of infinite-dimensional spaces, for
example, related to the problems of image recognition and classification, the
approximation of compact mapping, constructed by the empirical methods, is
fundamentally unstable.

2. Mathematical formulation of the problem of creating artificial neural
networks.

Numerous semi-empirical engineering descriptions of ANN used to solve
various practical problems are generally reduced to the following two related
mathematical problems:

a) For a given set of experimental points "come up with a law — optimal
interpolation mapping";

b) For the constructed mapping find solutions to the Equation

R(x)=c (1)

The set of roots x(c)=R'(c) of Equation (1) (the set of level c) is used to
"classify" the input data of the ANN x(c). In most typical problems, Equation (1)
considered as a problem of finding a fixed point of some mapping f:M — M

x=f(x) . )

In numerous computational experiments on pattern recognition, processing of
acoustic, video and text information, approaches have been found to create software
for the practical solution of a number of difficult-to-formalize problems (a), (b) and
(1), (2). These successes have generated a huge flow of work and interest in the
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creation of semi-empirical methods called artificial neural networks (ANN). The
general approach underlying the construction of the ANN consists of accepting the
hypothesis of the possibility of creating a device that can be trained on a series of
examples of decision-making. This vague formulation assumes that there is some
connection between the selected pairs of objects (x, y)€EX XY , which determines
some relation Rc X XY (hypothetical law) [1]. It is usually assumed that R is a
function (i.e., exactly one value x&€X corresponds to each value ye€Y ), while
the arguments X are called causes, and the set of values are called Y consequences.
Schematically, the ANN is a parallel system of distributed information processing in
the form of a directed graph, where the vertices of the graph are called processing
elements (artificial neurons), and the sluices between them are called connections.
Thus, the ANN is a graph — a system of nodes connected by sluices, exchanging
input and output data among themselves (see, for example, Fig. 1).

The purpose of creating an ANN. Setting up an ANN (analogous to the
procedure of automated programming of the ANN structure) consists in selecting a
family of artificial neurons (transformations indicated in Fig. 1 by icons O,, O,, ...,
O,, in the vertices of the graph) and multiplication coefficients w, ; to the values of

the transformed quantities along the vertex connection lines based on additionally
declared principles (for example, optimization). The collection of training examples
is a given subset RcR , where the relation R is a priori unknown. The purpose of
creating an ANN is (in a some sense) an "optimal reconstruction" of an unknown
relation R based on a given "training" set R . By its nature, this formulation of the
problem 1is ill-posed one due to the significant multiplicity of its solutions (for
example, it is the "school problem” of finding a curve connecting a given set of
points).

Thus, a necessary element of building an ANN is the introduction of a target rule
(criterion, functional, etc.) F, based on the application of which the construction of
the "best" continuation of a given relationship R to a relationship Ry is performed.
It approximates R (for example, by minimizing the functional F on a certain set of
parameters). Let us call the relation Rr as mathematical model of the ANN
implementation. The described scheme is usually applied to construct continuation of
functions, in particular, in interpolation problems.

What does the term "learning'’ mean mathematically? The "learning" process
is a procedure for adjusting the weights w; of activation functions O, in order to
reduce the "distance" in some given metric between the desired (target) and the
resulting vectors at the output. Ultimately, this is a solution to the problem of
synthesis the transformation R, for which a relation y=R(x) is performed on a given
set of "training" pairs (x, ). Weights w; and activation functions O, are to be found
with respect to the a priori selected optimization procedure for a given functional
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(metric). A typical formulation of approximate calculation of function F values on a
set of arguments x=(x,,x,,...,x,)JEDCIR, consists in choosing the optimal multi-

parametric approximation from a given set of functions
R(x,w,,wy,...,w,)~R(x) , where (w,, w,,..,w,) is the set of parameters for
which the above optimization is carried out. For example, for the given values of the
arguments iep, 1= 1,2,...,N the minimum of the deviation of the norm
F(w,,w,,..,w,)=max,_,_,| R(z", W, W,, ...,wk)—jz(l)H is required, assuming

that the pairs ()~C(1> )7“)), 1</<N are in a given relationship R . This approach is

typical for forecasting, regression, and the construction of interpolation polynomials

[2]. If the minimum deviation condition means that, the values coincide
FI=R(z")=R(z", w,,w,, ... w,), ISI<N,

then this method of constructing an approximation is called interpolation (in this case,

the target functional F(w,, w,,...,w,) at the optimum point takes the smallest

value equal to zero). Note that the functional definition F' can be carried out in
different ways based on expert assessments of the choice of metrics (distances) on a
set of values Y that determine the goals of the tasks being solved. This kind of
problems arise when planning experiments in the natural sciences, in economics,
when construct pattern recognition algorithms, when solving inverse problems of
object classification, when designing control systems, guidance, aiming, navigation,
etc. [2].

The problems of constructing an ANN based on polynomials of many variables
are essentially related to the approximation of sufficiently smooth mappings by
partial sums of the corresponding Taylor series, which requires calculating estimates
of derivatives of an unknown function on the training set. This leads to the need to
solve Volterra (Fredholm) integral equations of the Ist kind of convolution type with
an approximately given right-hand side. Strictly speaking, this approach is the basis
of the popular name "convolutional ANN". Note that the Fredholm equation of the
Ist kind on the space of summable functions is a typical ill-posed problem with
pronounced computational instability, which is overcome on the basis of
A.N.Tikhonov regularization methods [17].

Fundamental problems of stability and convergence. Note the important
concepts for more general ANN that are associated with the considered example.

1. The memory capacity of the ANN, determined by the volume of the training
set Ry={(&",3"), (37, 3%), ... (x",3")

2. The accuracy of the ANN according to a given class of approximated relations
R. Achievability of the set goals.

3. The learning rate of the ANN based on a given algorithm F.

4. The "flexibility" of the ANN in relation to the reconfiguration of its structure
(namely, to a dynamic change in the set of functions of artificial neurons O;, the rules
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for choosing weight coefficients w;, changing the training set R, , etc.).

5. Performance of ANN.

6. Stability of the received output data when the input data changes.

7. Feasibility of computational procedures on artificial neurons, their reliability.

8. The dependence of the accuracy and speed of the ANN on its dimension.

9. The possibility of automatic reduction of the dimension of the ANN during
operation in order to optimize its characteristics.

10. Fault tolerance, redundancy of functions and noise immunity of ANN.

11. Compatibility with other ANN due to the expansion of the structure based on
the splicing of their graphs and mutual data exchange.

12. Topological invariants of the ANN structure and homotopy equivalence of
various implementations of ANN.

Note that the content of the item 11 refers to a complex composed of ANNs of
various nature, which can be characterized as an approximation of Artificial
Intelligence systems. Accordingly, in the future, by Al technology we mean an
ordered hierarchy of interconnected ANNs based on the a priori introduced by
Human intelligence order relation on this set. Obviously, with this approach, Al is a
derivative of the work of natural (human) intelligence. According to Godel's
Theorem, in any consistent formal system, in the language of this system, it is
possible to formulate a statement that is not deducible together with its negation, i.e.
the formal system is incomplete. To resolve the uncertainty, it is necessary to add this
statement or its negation to the axioms of the formal system under consideration. For
a Turing Machine, this means that there is a more intellectually developed system
external to it, which each time needs to choose which new axiom to add to the formal
system and, in accordance with this choice, correct the algorithm of the Turing
Machine. Such intelligent systems can form a hierarchy of increasingly complex and
comprehensive systems, at the top of which is a Person. The need for such a
hierarchy follows from the Levenheim—Skolem Theorem, which states that any
system of axioms allows for much more significantly different interpretations than
was assumed when it was created. Axioms do not set limits for interpretations or
models, and therefore the existence of a Human corrector is necessary. Axiomatic
systems, to which the Levenheim—Skolem Theorem applies, are intended to set one
very specific interpretation, and, being applicable to completely different models,
they thereby do not correspond to their purpose. Summing up the above, it can be
noted that the breakthrough made by ANNSs applications and deep learning methods
provided the solution of problems reflecting the peripheral functions of a Person. The
very process of thinking, planning one's actions ("behavioral" management), logical
"reasoning" and abstract thinking is not yet reproduced by the work of the Artificial
Neural Networks. These processes will be reproduced one way or another on the
basis of combining various methods and (not only and not so much Neural Network)
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with simulation modeling [18].

The natural development of the above-mentioned interpolation ideas of
constructing the ANNs and the accompanying hierarchical Al system is the
interpolation in the spaces of logical variables and the application of optimization
procedures on the ordered structure of logical inference associated with the Godel
and Levenheim—Skolem Theorems.

Big Data and the effectiveness of ANN training based on them. As for the
emerging problems with the accuracy of the ANN with an unbounded increase in the
volume of the training set R v » the examples of K.D.T.Runge [3] and S.N.Bernstein

[4] for interpolation polynomials with an unrestricted increase in the number of
interpolation nodes are indicative here. The Runge’s, Bernstein’s examples and
Faber's general result indicate the possibility of a deep misconception that the
unlimited growth of neurons quantity in the ANN and large amounts of data N > 1

(Big Data), which form the basis of training sets R v > can ensure its effectiveness

within the framework of AI. The same applies to many statements about the
construction of so-called "digital twins" due to the limitless expansion of training
datasets R,={(x", 3"),(¥?,5%),... ("™, 3"}

These remarks relate to the general fundamental problem of analyzing the
computational stability of the ANN when increasing the volume of training sets and,
consequently, the boundaries of the feasibility and safe applicability of Al systems
built on complexes of interacting ANNSs.

We emphasize that the classical Weierstrass Theorem [5] on the density of the
set of polynomials in the space of continuous functions on a compact allows us to
assert the existence of convergent ANNs constructed based on polynomials.
However, Faber's Theorem, as well as K.D.T.Runge’s and S.N.Bernstein’s examples
indicate the risks of significant errors when using ANN with polynomials satisfying
condition (3) and training sets R y at N>1

It is important to note that simplicial approximations of multidimensional
continuous mappings on simplicial compact complexes have a well-defined ANN
structure (which we will call simplicial ANN), shown in Fig.1. The procedure of the
barycentric subdivision of simplicial complexes [7] on compacts in combination with
the uniform continuity of the mappings on them allows us to assert that the simplicial
ANN constructed in this way uniformly converge to on compacts with the diameter

d,y>0 of the barycentric subdivisions of the complex tending to zero:
|IRr—R||c—0,N—>0,0,—0 .
We emphasize that the convergence rate of a simplicial ANN on a complex K for

arbitrary continuous mappingis R determined by the modulus of continuity
mR(é):supHu—vHSE)H R(u)—R(v)||C(K>,6>O . It 1s not difficult to make sure that the

approximation error ||R—R||. on asimplicial complex K, which is compact set in
IR, ,is estimated from above by value () , where §>0 is supremum of the
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diameter of the simplexes in the complex K=D on which the mapping R with values
in IR, 1s defined. Indeed, on every simplex 7 included in the simplicial complex K,

the formula is valid
RF(X):Z MiR(ai)’ x:Z w,a,.€T,u,20, Z w;=1,
i=0 i=0 i=1
where u, are the barycentric coordinates of a point x in a simplex 7 stretched over
vertices a;,0<i<n , n is the dimension of the simplex 7. Thus, since the diameter
of the simplex 7 does not exceed 06>0 , then

IR(0)=Re (), = 2 IR (x)- R, () I <04 0]

Consequently, an upper bound is obtained for the volume N of the training set
R, ofthe simplicial ANN N <(n+1)vol(K)d" , where vol(K) is an estimate of

the volume of the simplicial complex K. Note that in combination with a given
accuracy of the ANN ¢ expressed in terms of the modulus of continuity w,(d) , we

obtain the condition

ERW,

(n+1)vol(K))
N

In particular, for a smooth mapping R the error of approximation function Rr on
the complex is proportional to the value N'. However, in most practical problems
there 1s no reasonable a priori information about the modulus of continuity w, ,

which leads to the possibility of gross approximation errors when intuitively choosing
the volume N of the training set R, . It is clear that for these reasons there is no
universal simplicial ANN for a given volume N of the training set R, . It is
reasonable to formulate the problem of the accuracy of simplicial ANNs on classes of
continuous mappings depending on a priori information about the ()

Note also that, due to the monotonic increase m,(8) , the dimension # of the
argument space x€K has a significant impact on the approximation error. This is
important for big dimension input data »n>>1 , in particular, this situation is typical
when processing video information and pattern recognition. It should be emphasized
that the effectiveness of the considered ANN is due to the fact that the "predicted"
value of the function R(x) is provided by the "environment" of a point x inside a
simplex 7€K of a sufficiently small diameter J, at the vertices of which training
values from Ry are set, which, due to linear interpolation, extend to the point. At the
same time, its barycentric coordinates {uw,} are exactly the weighting coefficients
of the connections in the simplicial ANN corresponding to Fig. 1. Naturally, due to
the above design features, the construction of the ANN of such type cannot be
applicable with reasonable accuracy to problems of forecast in points, which go
beyond the boundaries of the complex (extrapolation). For these purposes, it is
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necessary to consider training sets on broader complexes K '©>K , which
undoubtedly requires expert assessments performed by a Person. Academician
P.L.Chebyshev, when considering the problem of the polynomial least deviating from
zero, solved the problem of minimizing the interpolation error of a given class of
functions due to the location of interpolation nodes among the roots of Chebyshev’s
polynomials [8]. Obviously, this serves as a starting point for a wide class of studies
on optimizing the selection of training sets for building an ANNs. The most important
aspect of the practical application of ANNS is a significant reduction in the volume of
the training set. In this way, effective solutions are associated with the application of
the procedure of sequential averaging of approximations based on Great Numbers
Law, which gives a significant acceleration of the convergence of partial sums in the
theory of trigonometric Fourier series [9]. A similar effect is associated with Mazur's
Theorem [1], which allows using the averaging procedure to turn weakly converging
sequences into strongly converging ones. A similar phenomenon occurs in
Richardson's method of accelerating convergence of difference schemes on coarse
grids [11].

Note that the so-called multilayer ANNs are a superposition of several simplicial
ANNs, in which feedbacks can also be implemented, etc. The issues of their
decomposition, accuracy, efficiency are currently, at least, the field of engineering
computational experiments.

An important point for future studies of the mathematical nature of ANN is the
search for topological invariants (homotopy groups) associated with them and the
search for equivalence conditions of the structure of various mathematical models
implementing ANNSs.

The proposed construction of the above-mentioned simplicial ANN, like most
publications on the development of ANNs based on a mnemonic scheme (Fig. 1), is
ideologically related to the works of A.N.Kolmogorov and V.I.Arnold [13] on the
representation of continuous functions. In 1957, they proved a Theorem (directly
related to D. Hilbert's 13th problem) that any continuous function of many variables
can be represented as a superposition of addition operations and a finite set of
functions of one variable.

ANNs based on data interpolation are exceptional and convenient from the point
of view of their detailed research, theoretical analysis, since a minimum of
optimizing functional leads to precisely solved problems on which fundamentally
important problems of construction and functioning of ANNSs can be investigated.

In practice, the dimension of the input data space is significantly larger than the
dimension of the output data. Typical use of ANN is aimed at "compressing" the
processed stream of large volumes of input data in order to classify them, recognize
objects, video and acoustic information, etc.

The procedure for compressing large amounts of data we consider as the action
of a compact continuous operator R in a Hilbert space H, i.e. R:H—-H
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Accordingly, the procedure of "compressing" input information under the action of
the operator R interpreted as the fact that bounded sets of input Big Data x from an
infinite-dimensional Hilbert space H transformed by the ANN into pre-compact
subsets of output data yeH (almost finite sets, i.e. well approximated by finite e—
networks). The tasks of pattern recognition and their classification can be formulated
as finding a solution to the inverse problem

R(x)=y 4)

with given data y€H lying in the pre-compact set. Essential for this class of
problems is Baire category Theorem [9]. The central problem for finding solutions to
the inverse problem (4) with a compact continuous operator R on a Hilbert space H is
either the absence of a solution to Equation (4) (i.e., there exists y€H when we
have no solutions to Equation (4)), or the absence of the continuity property of the
inverse operator R' on the image R(H)cH - itis the fundamental computational
instability of solutions to problem (4).

Theorem 1, [10]. Let R:H,— H, be a continuous compact mapping on
Hilbert spaces H,,H, . Let the inverse mapping R_I:R(Hl)—>H1 defined on
the image R(H /)=H, . Then the set of points y€H, for which there is no
solution to the Equation is everywhere dense in H, , and the operator

R "“:R(H )= H | is not continuous in any open ball in the induced metric by the
space H, ontheimage R(H,) .

Note that for linear operators R satisfying the conditions of this Theorem, the
absence of continuity in the inverse operator R takes place at every point of the
image R(H,)=H, [11]. Since this phenomenon is true for everywhere dense in the

set of output data y€R(H,) , processing of Big Data streams based on the ANN

for the purpose of classification and recognition of input data , based on solving
problem (4) with a compact operator, is always an ill-posed problem. Therefore,
stable approximation of the solution additionally requires the use of regularization
methods [17]. In particular, this phenomenon is typical for hardware digital data
processing based on frequency filtering of signals with suppression of the high-
frequency component of the input signal x€H ,=L,[a,b] .

Thus, classes of problems based on the use of ANN as a means of approximating
mappings and constructing solutions to inverse problems with a compact operator
reveal a common mathematical property — computational instability when processing
large data arrays. These problems are also similar for the tasks of "restoring" images
by "digital twins", since they have the same mathematical nature.

ANN models and fixed-point problems. The construction of the ANN model can
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be considered as the problem (2) of finding a fixed-point ¥ (xX=f (%)) for some
mapping f:M — M onadataset M>DXUY . The choice of mapping f'is called
the ANN layer. In essence, the construction of an ANN layer is a stage in the
construction of a multilayer ANN consisting of consistently applied transformations

f.:M —M — layers that are consistently modified by the user to achieve some

"optimal, 1deal for the user" result. The desired result is a fixed-point of some limit
transformation f=Ilim,  f, . In many cases, the search process of X 1is based

on considering a sequence of iterations
xn+1:fn('xn) . (5)

Often, with specific implementations of multilayer ANN, the layers are chosen
to be the same, 1.e. iterations f =/ . This approach to the creation of multilayer
ANN, generally speaking, may not converge. A.N.Sharkovsky discovered dynamic
chaos for one-dimensional iterations x,.,=f,(x,) [19].

Thus, the construction of a chain of ANN layers should be subject to
modifications that guarantee the convergence of iterations. Algorithms with such
properties are considered below.

Theorem 2, [22]. Let (M, p) be a complete metric space on which a sequence of
uniformly compressing operators acts

f.-M—M,neN (6)
that is, contraction constant for f  do not exceed the value 0<q<lI. Let the
sequence of fixed points Xx,,n€N , for mappings [, converge to some point
XEM . Then the point X can be found as the limit of iterations

xn+l:fn+l(xn)’n:()31"" ’ (7)
where the starting point x,EM is chosen arbitrarily.

Remark. A sufficient condition for the convergence of points X, is the
pointwise convergence of mappins f, on M.

The above Theorem is related to the construction of systems with an unique
solution. Practical tasks of classification and pattern recognition are associated with
establishing the correspondence of incoming data to one of the many objects, each of
which is associated with a fixed-point of a multilayer ANN. That is, for such
mappings, a fixed-point is not the only one, therefore, one of the most important
aspects of creating stable multilayer ANN 1is the construction of algorithms that
stabilize the limiting behavior of iterations (7), while rejecting the requirement of
Theorem 2 associated with the property of uniform contraction. In particular, the
chaotic behavior of sequences (5), (6) is due to the presence of a subset where the
mapping (6) is quite strongly stretching. A fairly wide class of mappings has a similar
property, which, of course, includes experimentally created ANNs. This behavior is
typical for hyperbolic dynamical systems [21].

These phenomena are associated with the general property the behavior
instability of high-frequency harmonics for the decomposition of mappings into a
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Fourier series, namely, to high-frequency basis functions corresponds large stretching
coefficients that generate chaotic behavior of iterations (5).
Theorem 3, [22]. Let a continuous mapping fon IR, maps a bounded closed

ball M into itself. Let the sequence of iterations (7) be determined by the formulas

n—1
1
x=f(-2x) (&)
ni-o
n—1
Assume that there exists a limit of arithmetic averages )_cz—z x, almost
i=0
everywhere. Then the sequence of iterations (8) converges to a fixed point X of the
mapping M — M for almost all initial points.

Thus, algorithms (8) can be used as a basis for creating classes of stable
convergent ANNSs.

n—1
The fundamental question of the convergence of arithmetic ;Z X; means is
i=0
open. It is meaningfully solved within the framework of the Birkhoff—Khinchin
ergodic theorem [23] for measure-preserving mappings f :M — M . The authors'
computational experiments demonstrate the reliability and computational stability of
algorithm (8) for a wide class of continuous mappings of a ball into itself.

Fixed points of maps on ordered spaces (monotonic convergence of
iterations). A promising direction for constructing and substantiating the convergence
of algorithms (2) for the hierarchy of ANN that make up the structure of Al is the
application of fixed-point theorems on locally convex and ordered spaces related to
the works of A.N.Tikhonov, Ju. P. Schauder and A.Tarski [1]. These theorems make it
possible to built constructive convergent algorithms to the smallest (largest) fixed-
point in many practical problems for ANN based on order-preserving continuous
mappings. In particular, this statement has deep applications in the formal semantics
of programming languages (in an abstract interpretation — the theory of
approximation of the semantics of computer languages associated with the names P.
and R.Kuzo [25]).

Immersion methods and the use of ANNs for solving problems of continuum
mechanics.

It should be emphasized that, in a sense, the theory of computational methods
for linear problems is the most adapted to the ANN technology, developed and
universal. Therefore, from this point of view, the procedures of "immersion" of
nonlinear problems into general linear classes by changing the initial dimension of
the description and expanding the functional spaces are important [26].

The above-mentioned immersion of nonlinear systems into linear dynamics can
be implemented in a universal way within the framework of the concept of functional
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solutions for quasi-linear systems based on the Young’s embedding of Sobolev
generalized solutions into the space of linear functionals equipped with Tikhonov
topology [27, 28].

Note that the condition of weak stability [27, 28] is by its nature much simpler
than the concept of stability in the theory of difference schemes for nonlinear
problems, it reflects the "correct" reproduction of the basic conservation laws.
Therefore, the proposed method of immersion of nonlinear conservation laws into
linear problems on the space of functional solutions equipped with the topology of
A.N.Tikhonov has a universal computational character, implemented within the
framework of locally convex ANNs corresponding to the mnemonic diagram in Fig.
1. This is due to the fact that the definition of a functional solution naturally extends
to a minimal convex set containing functional solutions for the given initial data of
the integral form of the Cauchy problem.
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ERE Moxuy LIRS oM oM REAENE x(x=f(%)) .
Wbt £ A ANN JB. ARE L, ANNJEMEMEZE ANN 21
— RSB, B f M oM JERINET AR A R, KPS S e
BB I [EME S R, BN ] 4550, W1 A4 LR ik
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PREFR f=lim,., f, BIABEG. EFZHEUE, 338 x MIEEZER
e SeSava ]
xn+1:fn(xn) ®)

W, E2E N TSN B alig, EENELHAR, B &R
f.=f o —RKRER, EMAIEZE ANN KA e g iia. AN
Sharkovsky #5350 T —#EE R PIBIRBIETE  x,.,=7,(x,) [19]

PR, N T R A i i P A i S AT B0, DAREORIE AR

N THI Y AL A S B T T

EHL2, [22].  #R (M, p) 255 BRAELAT 7 A4 AR 1) 56 g B 1 2 i
f.:M—M, neN (6)

B, f, BIB&EEBONEEM 0<q<l. E—EPBEEE 3, neN , Bt

Wof, WEREIERT xeMm o AR ATCUREIRE 3 AE Ak pIARER
Xpi1= S (x,),n=0,1,..., (7

Hoes x.eM  RAEREED.

alime Box, WEEIR A IRERES £, B M BIEREE.

iR R RSREER.  RE EN  E RRRE
B ST N R B 20 — BB R R ARRA, SR A B 2 Jg N T
AR ) — I [ BEAH B ISE . R, EUA BN, AENECA EME—,
PRI B A 1) 2 6 ANN B B8 B2 11 7 TH] 2 — A2 A B8 e 15 AR B AT 2% R i 5
(7), [FIREICEEB DL N AR 1) 2 2 (BRI BAERIEE . R, JP5
(5)s (6) BIRIEAT &y e R AEAERR ST (6) fHE A HIER T4 —HMHERZN
Bt A AR E N, Hh AR EREEEEEAENN TAPSHEE. ST
A B ) AR R AR AR AR LT ) [21]

BRLIE L T GORH R 110 A LSS () 40 7 SE A0 5 B 1 s BB VAT A AN R e PRI
— R, B OR B TR pR O A K R B, 18 AR IR RIR AT &
(5 .

EEE3, [22]. BB f3] R, MOEGMUGHEA AR M A, I T
H(7) 1A ARE 2

5 S (23 5) ®)

AL T R IR EAFAE AT x= le. FRIRRER, RIS 26 F BTy

1

1
n
VIaGEs  xeM , BTSN (8) ABEEIRSY oM -M KIAERES x .
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L, S (8) LU AT ANN HAI LR
R (M A ) R A e %z% RN, E DAL R
i=0

M —M ] Birkhoff-Khinchin i i g # [23] FIHEZL NG 2] T A = AR
o VEEMEE BB VA (8) BRI H &K — R 1) H AW ) A]
SEVEMETEREE N,

A7 7S _ LR A E R GEABEFIREO -« EREMFEERERA TR
DAEREN) ANN B &SI TR B (2) Womsok i — 8 A B2 1 7 ) 2 HH B
AN. Tikhonov, Yu FAE &t AR B8 1 R 38 A0 P 28 [ B AN BB e B, 4R35 AL
W] o I8 8w B SO R I A PR T AR LA ) ANN 35 2 8 B o i
ERE RN (oK) AFE G AL RRRE, 18R 7R GE
S AGEEEPRAZRANERN (EHR R+ — EKE S EE TR,
B P. Fl1 R. Couso % FAHREA[25]) -

fil OB AE N TR RE R NIE N TSR B . 75 ZEaa iz,
PEHME 2 BARER, N TSR TOMT i i . At il 1 B i A2 A P R R )
HOTMEm . DRI, IS AR AR, IR RO A ] G A R 4 R B
I AORK ARSRME R [U0IR | 21— ] B AR 14 R R v s A e 1R B
[26]-

EIRARARE REGAEARYEE) B FIR AT DIAE LY Sobolev 3 FE A I X
N B A 35 a8 R AR R AR MR oR 2 [ ) AR 1 2R 9002 R AR ABE 2 RO HE 24 D 5 sk
B [27,28] .

FEE RN, 9B MR [27, 2814 I Ll AR AR 1 [ 22 A % X R
iR E MM AT 2, BB T EARSINE W [1EME] B, Bk, A
B 1 AR AR AR <7 R E RN BIBCHE AN. Tikhonov 3R $ ) BRSO 25 T 1 B4R
VERTE A VA A A AR, AE B fE 1 A i Bl ac e A 3 ) iR T ANN
MEZEN BB, 1. 38 2 DR 2% bR B 1) 5 28 1 SR S 908 8 281 255 ] 1 R RE AR 7 B 2K
[ 46 5 W) U6 ARk BRSO 1R e /> I D
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