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Kaostcowtit u yzen uzomonen PL y3ny?

Is every knot isotopic to a PL knot?
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B 1974 rony 1. Ponbdcen nmocTaBuil Cleayonryto NpooaeMy: KakIbli 1 y3el B
S® u30TONEH (=TOMOTOIEH MOCPEACTBOM BIOKEeHUI) PL y31y Wiy, 9To TO ke caMoe,
Hey3ny? B wacTHOCTH, ABisieTcs v cTpon bunra n3oronseM PL y3my?

B 2005 rony Ha koHbepeHuuu «MHorooOpasus U ux orodpaxeHus» (Siegen,
Germany) s 03By4HJI CIEAYIOLIME PE3YIbTATHI IO 3TOU TEME.

Teopema 1. Hexoropoe ABYXKOMIOHEHTHOE 3BeHO ¢ lk = (0 He M30TOMHO HU
onHomy PL-3Beny.

Teopema 2. Cnunr bunra He nzoroneH Hu onHoMy PL y3my

(a) moOoit u30TOMHUEH, MPOOIKAIOMIEHCS 0 H30TONUU 2-KOMIIOHEHTHOTO
3BeHa ¢ lk =1;

(0) yepes y3IIbI, SIBJISIFOIITECS nepeceyeHus MU BJIOKEHHBIX
IIOCJIEA0BATEIBHOCTEN TTOJITHOTOPHM.

Cnunr bunra (R. H. Bing, 1956) npencrasisier codoii nepeceueHue BIOKEHHOM
nocnenosarensHocth nomHotopuit Vg «1(2)/V ) (2)V g (2) , tae xamsiii Ti.
NpencTaBiasier coOOM J0CTATOYHO MANYH PEryaspHYI0 OKpPECTHOCTh IpooOpasza

M,cT, xpuBoil Masypa M,cT, mnpu NOAXOAAIIMM 00pa3oM BBIOPAHHOM
(reoMeTpUYeCK HEHMCKaKEHHOW) pPAaCKpy4YeHHBId HK-cKiagHod uwexon 71,—T, ;
MOKa TMOCJIEOBATENbHOCTh #; YBEIWYHMBAETCS JOCTAaTOYHO ObicTpo, N7,

romeomopden S;. [locnenoBarenbHOCTh 7 TaKXKe TOJKHA BO3PACTaTh JOCTATOYHO
OBICTPO, YTOOBI JOKA3aTEIbCTBO TEOpPEMBbI 2 paboTano, 4TO MPEACTaBISET CO0O0M
apyroe (anreOpamdeckoe) YCIOBHE, KOTOPOE MOXKET IOApa3yMeBaThCsS WM HE
MOJIPa3yMeBaThCsl MPEABITY M (TEOMETPUICCKHIM) YCIOBHEM.
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(cm. arXiv:2011.01409). DToT aprymMeHT MOXKHO Ha3BaTh T'€OMETPUYECKHUM; OH
OCHOBaH Ha MHBapuaHTax KokpeHa [3;, KOTOpbIe pacHIMPSIOTCS JO M30TOMUYECKHUX
WHBAPUAHTOB  TOMOJIOTMYECKUX  CBSI3€M C  HCIOJNB30BAaHUEM  OECKOHEYHBIX
TOMOJIOTHYHBIX ITOBEPXHOCTEH 3eidepTa.

JlokazatenbCTBO TeopeMbl 2 0110 Hanmucano B 2023 romy u Oymet oOCyKaaThCs
B OJTOM JIOKJaJie (MO0 MOAYJI0 JieMM). OTO pacCykIEHUE MOXKHO Ha3BaTh
anreOpandeckuM. JlokazarenbcTBo (b) 1 cimydas (@), Korja W30TOMHsI BCTABIEHHOTO
y3na K' paBna PL, ocHoBaHO Ha nmonuHoMe Kongesi. A, TOUHEe, HA €r0 YMEHbBIIIEHHOU

BEPCHU
Vik xn2)IVi(2)Vig(2)

KOTOpasi pacIHIMpeHa J0 M30TOMUYECKOTO WHBApHUAHTA TOIOJIOTHYECKUX CBsI3ed (CM.
arXiv:0312007) c¢ wucnons3oBaHueM ux PL-anmpokcumaruii u  TMOHATHS -
kBazumu3oTonuu (cM. arXiv:0103113).

JlokazarenbcTBO 0OImIero ciuydas (a) ocHoBaHo Ha monuHoMe KonBes oT 2
NePEeMEHHBIX

Vi xolz,w,E)€Z[z, w,EJ(E +2wE—2"~w'~4)cQ[z, wI[V 2w +4 (2 +w’+4)] |

(cm. arXiv:0312007), a TouHee Ha ogHOMapamMeTpUUYECKOM mojcemeicTse f3;, P, ...
K03((pUIIMEHTOB €ro COKPAILEHHON BEPCUH

V(K,K’)(Z)/V(K)(Z)V(K')(Z) >

kotopast B ciayuyae lk = 0 coBmamaer ¢ mMoOCiIeAOBATEIbHOCTHIO HWHBAPUAHTOB,
nonydeHHbIX Cochran. B cayuae lk = 1 atu nensie yucia [ 1 J1€eMOHCTPHUPYIOT
ropaszio 0ojee TOHKOE TeOMETPUUECKOE TTOBEICHHUE, YEM UCXOTHBIE.

HuBapuantel Cochran, 1 MMEHHO 3Ta TOHKOCTH (O KOTOPOM MbI OyZieM TOBOPHUTH
B JIOKJIQJie, €CJIM TO3BOJIUT BpeMs) JO0 CUX MOp ocTamiseT mnpobiemy Pombdcena
OTKPBITOM.

D. Rolfsen posed the following problem in 1974: Is every knot in S’ isotopic
(=homotopic through embeddings) to a PL knot or, equivalently, to the unknot? In
particular, is the Bing sling isotopic to a PL knot?

In 2005, at the conference "Manifolds and their Mappings" (Siegen, Germany) |
announced the following results on this subject.

Theorem 1. A certain 2-component link with 1k = 0 is not isotopic to any PL
link.

Theorem 2. The Bing sling is not isotopic to any PL knot

(a) by any isotopy which extends to an isotopy of a 2-component link with lk =
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1;

(b) through knots that are intersections of nested sequences of solid tori.

The Bing sling (R. H. Bing, 1956) is the intersection of a nested sequence of
solid tori Vg x1(2)/V x)(2) V(¢ (z) , where each Ty, is a suciently small regular
neighborhood of the preimage M ,cT, ofthe Mazur curve 002 M ,cT, undera
suitably chosen (geometrically undistorted) untwisted n,-fold cover 7T,—T, ; as
long as the sequence n; increases rapidly enough, N7, is homeomorphic to S'.

The sequence 7, also needs to increase rapidly enough for the proof of Theorem 2 to
work, which is a dierent (algebraic) condition, which may or may not be implied by
the previous (geometric) condition.

The proof of Theorem 1 has been written up (and published) a couple of years
ago (see arXiv:2011.01409). This argument can be called geometric; it is based on
Cochran's derived invariants [, which are extended to isotopy invariants of
topological links by using innite homological Seifert surfaces.

The proof of Theorem 2 has been written up in 2023 and will be discussed in
this talk (modulo lemmas). This argument can be called algebraic. The proof of (),
and of the case of (a) where the isotopy of the inserted knot K' is PL, is based on the
Conway polynomial. Or rather on its reduced version

V(K,K’)(Z)/V(K)(Z)V(K’)(Z) )

which is extended to an isotopy invariant of topological links (see arXiv:0312007) by
using their PL approximations and the notion of n-quasi-isotopy (see arXiv:0103113).

The proof of the general case of (a) is based on the 2-variable Conway
polynomial

Vi ooz w, 8)EZ[z,w EM(E + 2wE—2"—w' = 4)c 0z, ]V 2w +4(+w'+4)]

(see arXiv:0312007) and more precisely on a 1-parameter subfamily f3,, 3., ... of the
coecients of its reduced version

V(K,K')(Z)/V(K)(Z)V(K')(Z) )

which in the case lk = 0 coincides with the sequence of Cochran's derived invariants.
In the case lk = 1 these integers [3; exhibit a much more subtle geometric behavior
than the original

Cochran's invariants, and it is this subtlety (which will be discussed in the talk if
time permits) that still keeps Rolfsen's problem open.
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A I EEESEZ PL &5, BEZEM, 2 unknot? FFHl&Z, Bing M
s& PL B IAAL R IG?

2005 4, 1E [ gt | &k (JEEER) L, REM THNZE
A LA &5 5

EH 1. 1k = 0 B3 2 HEEss AR T PL A FAL R,

EH 2. Bing MAEANEMET PL &1 FEALE

(a) HZEMZE 1k = 1 W oA R R AT [ A 2R

(b) FEiEREERH BT H A8 B

Bing sling (R. H.  Bing, 1956) & ' I
Vik x1(2)I Vi (2)Vigolz)  BIREFFIIRAZLE, HPaE T 2S5 ERE
) CRATAHLEE) N Mazur #h4R M,cT, HIEB M. cT, FE5/NOHR A
#ik., ) KRHHEMW nk EE 1.7, REFH n ENEHR,
NT, HERR Si. JFH n ﬁ%‘?%&%ﬁﬁ%ﬂﬁi‘bnuﬁﬁﬁﬂ 2 [P B A
H, ER—EAFRLF REO &4r, Enlaedrmm GEFD RIFRR, BT
RE RIS R o

EH 1 FREHERRERHE (WHER) (2H arXiv:2011. 01409)
1B EFReE T LIRS A 28 T 3mat;  B24JA Cochran BEHEIAEE By, EiEfEH K
FRIEIFE Seifert [ 48 f 2 30 BE Gl AL 10 R AL R A SE &

EH 2 PIREICA 2023 FEd, WEEARRERE R R (BRG[HED .
B IR AREGRE. (b)) LGNS K BRI ERZA PL 1 (a) 1H
RS SN R 2 TE . B Db AR A& 1 AR AR

V(K,K')(Z)/V(K)(Z) V(K')(Z)

FimAAAHTME PL EMA n-¥EMEOMS (2F arXiv:
0103113) , #HHERIIEELSEPIFM RS E (2 F arXiv: 0312007) .
(a) —MTEICIREBH A 2 528 Conway ZIHIU

V(K,K,)(Z,W,E)EZ[Z,W,%]/(EZ+ZWE—22—W2—4>CQ[2,W][\/Z2W2+4<22+W2+4>] ,
(25 arXiv:0312007) , BF ARG S 2 BIA H B AR BUY 1 28 %
B, B, ..o

Wmﬂﬂvmﬁvmﬁ%

£ 1k = 0 WM F, Bl Cochran BHIAZEFH|—. £ 1k = 1
PIHIC R, IBUeBE B, R PR AG SE b i) #6717 4%
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